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A B S T R AC T
The precision and accuracy of any estimation can inform one whether to use or not to use the estimated values. It is the crux of
the matter to many if not all statisticians. For this to be realized biases of the estimates are normally checked and eliminated or
at least minimized. Even with this in mind getting a model that fits the data well can be a challenge. There are many situations
where parametric estimation is disadvantageous because of the possible misspecification of the model. Under such circumstance,
many researchers normally allow the data to suggest a model for itself in the technique that has become so popular in recent years
called the nonparametric regression estimation. In this technique the use of kernel estimators is common. This paper explores
the famous Nadaraya–Watson estimator and local linear regression estimator on the boundary bias. A global measure of error
criterion-asymptotic mean integrated square error (AMISE) has been computed from simulated data at the empirical stage to
assess the performance of the two estimators in regression estimation. This study shows that local linear regression estimator
has a sterling performance over the standard Nadaraya–Watson estimator.

© 2020 The Authors. Published by Atlantis Press B.V.
This is an open access article distributed under the CC BY-NC 4.0 license (http://creativecommons.org/licenses/by-nc/4.0/).

1. INTRODUCTION

In nonparametric estimation, one aspect that is of importance is the smoothing that makes the interpretation of data possible. Smoothing
in essence, consists of creating an approximating function that attempts to capture only the important patterns, while filtering noise and
ignoring the data structures that are deemed not relevant [1]. This nonparametric technique is applicable both to density and regression
estimation. Other common techniques in nonparametric regression estimation, the focus in this paper, are the spline regression, orthog-
onal series, and kernel regression. This paper explores the kernel regression estimation under the larger framework of the model-based
estimation. One motivating research is due to Dorfman [2] who used the Nadaraya–Watson estimator also known as the local constant
to construct the finite population estimator. Even with this boundary drawback, the estimator of the population total was still better than
the Design-based Horvitz–Thompson estimator [3]. Many researchers in the past have done studies incorporating the Nadaraya–Watson
technique. A few examples include Hall and Presnel [4], Cai [5], and Salha and Ahmed [6] who carried out a study about this. They pro-
posed a weighted Nadaraya–Watson estimator for use in the context of conditional distribution estimation. In their studies they found
out that weighted Nadarya–Watson was an improvement. In particular Cai [5] claimed that it was easier to implement Nadaraya–Watson
estimator than the local linear. Herbert et al. [7] in their study suggested using jackknife technique to improve the Nadaraya–Watson
estimator for finite population total. Generally, it is however known in literature, that the standard Nadaraya–Watson estimator suffers from
the boundary bias and as a result the prime focus in this study is the boundary correction using the local linear estimator.

This paper has been organized as follows: in Section 2, we give a brief review of the literature regarding nonparametric regression and
kernel regression estimation. In Section 3, we derive the bias and the variance of Nadaya–Watson and local linear regression estimators. The
boundary correction shall be shown in this section as well. Empirical analysis has been done in Section 4 using some artificially simulated
datasets. Discussion of results and conclusion is given in Section 5.

2. LITERATURE REVIEW

In this section review of literature on nonparametric regression estimation has been done. Also included in this section is the literature on
kernel regression estimators.
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Figure 4 Boundary and interior bias-variance trade-off in regression estimates. Graphs (a)-(c) are specific portions of the graph
given in part (d).

Table 2 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator computed for various selected datasets.

Dataset Nature of Boundary Bias Estimator AMISE h AMISE

Faithful dataset No boundary correction NW 0.00027040 7.781472
Boundary corrected LL 0.00024807 7.375393

Forbes dataset No boundary correction NW 0.00075248 2.278702
Boundary corrected LL 0.00043041 3.537160

Iris dataset No boundary correction NW 0.01650655 0.093106
Boundary corrected LL 0.00141712 1.083385

Pdf_Folio:467



468 L. R. Cheruiyot / Journal of Statistical Theory and Applications 19(3) 460–471

Figure 5 Comparing the standard Nadaraya–Watson estimator and the local linear regression techniques with varying sample
sizes and optimal bandwidths.

Table 3 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator (Model 1-Cubic function).

Sample Size Nature of Boundary Bias Estimator AMISE h AMISE

n = 25 No boundary correction NW 0.001677 1.169522
Boundary corrected LL 0.001348 1.201303

n = 50 No boundary correction NW 0.001721 1.063632
Boundary corrected LL 0.001402 1.206711

n = 100 No boundary correction NW 0.001401 1.211507
Boundary corrected LL 0.001119 1.453101

n = 500 No boundary correction NW 0.001291 1.316334
Boundary corrected LL 0.001218 1.375686

n = 1000 No boundary correction NW 0.001254 1.353020
Boundary corrected LL 0.001200 1.398421

Pdf_Folio:468
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Figure 6 Comparing the standard Nadaraya–Watson estimator and the local linear regression techniques using inbuilt datasets in R.

Table 4 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator (Model 2-Bump function).

Sample Size Nature of Boundary Bias Estimator AMISE h AMISE

n = 25 No boundary correction NW 0.005367 0.288393
Boundary corrected LL 0.004966 0.309645

n = 50 No boundary correction NW 0.005475 0.305584
Boundary corrected LL 0.004082 0.375665

n = 100 No boundary correction NW 0.005138 0.309597
Boundary corrected LL 0.003956 0.384638

n = 500 No boundary correction NW 0.004921 0.340515
Boundary corrected LL 0.003893 0.394235

n = 1000 No boundary correction NW 0.004774 0.347761
Boundary corrected LL 0.003845 0.399115

Table 5 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator (Model 3-Quadratic function).

Sample Size Nature of Boundary Bias Estimator AMISE h AMISE

n = 25 No boundary correction NW 0.002797 0.576798
Boundary corrected LL 0.002641 0.609480

n = 50 No boundary correction NW 0.002446 0.685321
Boundary corrected LL 0.002169 0.740991

n = 100 No boundary correction NW 0.002288 0.716167
Boundary corrected LL 0.002135 0.759066

n = 500 No boundary correction NW 0.002085 0.787549
Boundary corrected LL 0.002040 0.799239

n = 1000 No boundary correction NW 0.002057 0.797407
Boundary corrected LL 0.002029 0.804035
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Table 6 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator (Model 4-Linear function).

Sample Size Nature of Boundary Bias Estimator AMISE h AMISE

n = 25 No boundary correction NW 0.005368 0.2883934
Boundary corrected LL 0.004966 0.3096449

n = 50 No boundary correction NW 0.004253 0.3672427
Boundary corrected LL 0.004097 0.3749881

n = 100 No boundary correction NW 0.004018 0.3782936
Boundary corrected LL 0.003928 0.3845499

n = 500 No boundary correction NW 0.003970 0.3903203
Boundary corrected LL 0.003889 0.3943235

n = 1000 No boundary correction NW 0.003943 0.3958703
Boundary corrected LL 0.003845 0.3990102

Table 7 Asymptotic mean integrated square error (AMISE) for the standard Nadaraya–Watson (NW) kernel estimator and local linear (LL) regression
estimator (Model 5-Exponential function).

Sample Size Nature of Boundary Bias Estimator AMISE h AMISE

n = 25 No boundary correction NW 0.647323 0.0029467
Boundary corrected LL 0.613482 0.0031301

n = 50 No boundary correction NW 0.723391 0.0025802
Boundary corrected LL 0.635071 0.0030013

n = 100 No boundary correction NW 0.749663 0.0027027
Boundary corrected LL 0.697904 0.0029576

n = 500 No boundary correction NW 0.673946 0.0030442
Boundary corrected LL 0.646734 0.0031898

n = 1000 No boundary correction NW 0.699661 0.0030770
Boundary corrected LL 0.648226 0.0031890
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