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Abstract

Let R, be a Galois ring and U is a finitely generated R,— module. Consider an
idealization of U expressed as R = R, ® U endowed with a suitable multiplication.
We explore the structure of R through its group of units R* and the graph
of its zero divisors I'(R). The study involves an investigation on the
overarching interplay between the ring theoretical properties of R, the group
theoretic properties of R* and the graph theoretic properties of I'(R). Since R is
a finite ring with identity, the convention that each element of R is either a unit
or a zero divisor has been extensively used to drive the concept of classification of
the elements of R. The units of R have been classified, the automorphisms of R
have been determined and the zero divisors of R have been characterized.

Keywords: Galois ring; idealization; units; zero, divisors.

1 Introduction

R denotes a ring with identity, while R* denotes its corresponding group of units.
Unless otherwise stated Z(R) denotes the set of zero divisors of R while J(R)
denotes the Jacobson radical of R. The coefficient (Galois) subring of R of order
p*" and characteristic p* is denoted by R, = GR(p*", p*). The quotient R,/J(Ro)
shall be denoted by F, to represent, the Galois Field of order p”, for a prime integer
p and positive integer 7. For each z € R, o(x) denotes the order of x. For every
finite subset X of R, | X | denotes the cardinality of X and N(X) denotes the
neighbourhood of X. The automorphism group of R is denoted by Aut(R) while
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charR denotes the characteristic of R. The zero divisor graph of R is denoted by
I'(R). The diameter of the graph is denoted by diam(I'(R)) while the girth and the
binding number of the graph are denoted by gr(I'(R)) and b(I'(R)) respectively.

2 The Construction of R

Let R, be a Galois ring of the form GR(p*",p"). For each i = 1,...,h , let
u; € Z(R) such that U is an h— dimensional R, module generated by {u1,...,un}
sothat R= R, ®U = Ro ® Rou1 ® ... ® Rouy, is an additive group. On this group,
define multiplication as follows:

h h h
(ror S rts)(ry S i) = (roy S [0 + pPR)TY + 74(r + pRo)™ )
=1 =1

i=1
where 0; €Aut(R,).
From the construction, it is easy to note the following:

1. The multiplication turns R into a ring such that Z(R) coincides with the
Jacobson radical J(R) which equals to pR, ® U.

2. The multiplication turns R into a commutative ring iff o; =idg, .

3. If R is commutative, then it is an R, module U idealization with identity
(1,0,...0).

4. | Z(R) |= p" V" and | R |= p™" for some prime integer p and positive
integers n, r.

5. With respect to the multiplication,

(T(R)" #(0); (T(R)" = (0).

6. Char R = p® for some integer k with 1 < k < n.

7. In terms of the relations between elements of R,
(i) If K = 1,2 then pu; = uiu; = uju; = 0,uiro = (7o) uy
(i) If & > 3, then p"'u; = 0,wu; = p?yi,uf = uffluj,uiuffl =
0,uiro = (ro)%*u;, where ro,7v;; € R, and 1 < 4,7 < h and o; is the
automorphism associated with w;.
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Using the restriction u;|y so that pu; = u;u; = 0, we obtain an idealization in
which the order of each generator u;, o(u;) = p. In the sequel, we consider a class
of idealizations satisfying this condition.

The following result is useful.

Theorem 1. Let R, =GR(p"",p*), k > 3. Then the idealization R = R, ® U is
completely primary and of characteristic p* satisfying:

(i))J(R) = pRo® U

(i) (F(R)"' =p* 'R,

(iii) (7 (R))" = (0).

In the sequel, a ring that satisfies the above three properties with the restriction
u;|u so that pu; = u;u; = 0, shall be called, a ring with property P.

3 Units of Idealization Rings

We start by investigating the structure of the unit groups of idealization rings
constructed in this paper. Similar studies can be obtained from [1], [2], [3], [4],

[51, 161, [7].

Lemma 1. Let R be an R,- module idealization with u;|y. Then R* is cyclic
iff 1 + J(R) is cyclic. Moreover,

R*=<b>.1+J(R)) 2<b> x(14+ J(R)),

a direct product of the p-group 1+ J(R) by the cyclic subgroup < b >, where
the order, o(b) =p" — 1

The following result due to Raghavendran[8] on the structure of the units of the
Galois ring R, = GR(p"", p") shall be useful.

Theorem 2. Let R, = GR(p*",p") be a Galois ring. Then U(R,) is a direct
product of the cyclic group of order p" — 1 by the group 1 + pR, of order p* ="
whose structure is described as follows:

(a)If (i) p is odd,or (ii) p = 2 and k < 2 then 1 + pR, is the direct product of r
cyclic groups each of order p*~1.

(b) When p = 2 and k > 3, the group 1 + pRy is the direct product of a cyclic
group of order 2, a cyclic group of order 2°~2 and r —1 cyclic groups each of order
2k-1,

To completely classify R*, we need to determine the structure of 1+ J(R). The
abelianity of R* implies that 1 + J(R) is a normal subgroup of R*.
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Let R be an R,- module idealization with w;|v, then 1 4+ J(R) is an abelian p—
subgroup of R* with a filtration

1+ J(R) D1+ (J(R))* D ... D1+ (J(R)" = {1}
with filtration quotients
L+ T(R)/1+ (T(R)? 1+ (TR /1 + (T(R)?, s 1+ (T @)1+ (TR =1+ (T(R))*
isomorphic to the additive groups (R,— vector spaces)

T (R)/(T(R)?, (T (R)*/(T(R))*, .. (T(R)* /(T (R))*
respectively. The following results are important in determining the structure of
1+ J(R)

Lemma 2. Let p be prime integer. Then 1+ pR,, is a subgroup of 1+ J(R).

Proof. If charR = p, then 1+ pR, is a trivial subgroup of 1 + J(R). Next, we
prove the result when charR = p? since the subsequent results easily follow from
this. Now, each element of 1 —|—pRo is of the form 1+ Pros To € R,, and for any
two elements 1+ pr, and 1+ pr,, (1 + pro) =1-pr, and

(14 pro)(1+pro) ™" = (14 pro)(1 = pry) = 14 p(ro = 1,)
which is clearly an element of 1 4+ pR,, since p2ror; =0. O
Proposition 1. For each 1 <i<h, 1+ 2?21 @®Rou; is a subgroup of 1 + J(R)
Proof. For any two elements 1+ > a;u; and 1+ Y bu; in 1+ Zle BRou;, it
follows that
1+ Z(al — bz)uz

an element of 1 + Z?:l ®R,u; since u? = 0. O

Corollary 3. 1+ ann(J(R)) is a subgroup of 1 + J(R).

Proof. Easily follows from the fact that ann(J(R)) = p* 'R, ® Y1 | Rou; O

Proposition 2. The group 1+ J(R) is a direct product of the subgroups 1+ pR,
by 1+ Z @Roui
Proof. Since ann(J(R)) 2 ELI @ Rou;, it easily follows that

h h
(1+pRo) x (14 &Rous) 14+ pR, ® Y Rous

i=1 i=1

1+ J(R)

118



Mathematics and Computer Science: Contemporary Developments Vol. 7
On the Structure of a Class of Galois Ring Module Idealization

Proposition 3. Let R be an R,- module idealization. If 1 < i < h, and charR =
p, then 1+ J(R) = (Z;)"

Proof. Let €1,...,6, € R, with €1 = 1 such that &1, ...,& € Ro/pR, form a basis
for Ro/pR, regarded as a vector space over its prime subfield GF(p). For every
v=1,..,r

2 h
A+euw)’ =10+ au)’ =1,..,(1+> eu)’ =1
=1 i=1

For positive integers Siv, ..., Bry with 8i < p(1 < i < h,1 < v < r), we notice
that the equation []/_, {(1 + eyu1)® LT _ {1+ 37, evus)? b T {1 +
Z?zl e,,ui)B’“’} = {1} will imply B; = p forevery v =1,..,r and 1 < i < h. If
we set

51,/ = {(1 + eyul)ﬁl | /31 = 1, ...,p}

2
Sow ={(1+>_eu)?|Ba=1,..,p}
=1

h
ShV = {(1 + ZeVui)ﬂhy | ﬂh = 17 ap}

i=1
we see that the hr groups Siu,..., Sk, are cyclic subgroups of the group 1 +
J(R) and they are each of order p. Since the product of the orders of the hr
subgroups equals to p"" and the intersection of any pair of the cyclic subgroups
gives the identity group, the product of the hr subgroups is direct and exhausts
1+ J(R). O

Example 1. For a prime integer p, let R = Z, ® Zpu1 @ ... & Zpuy. In this
case, R, = Zp, r = k = 1 and using the multiplication in Section 1, J(R) =
Zpur @ ... ® Zpuy. Clearly, from Lemma 1, R* 2 Z, 1 x (1 + J(R)) where
1+ J(R) =14 Zpu1 & ... ® Zpuy. Now, the generators of 1 + J(R) are

14+ riur, 1 +riur + reug, ..., 1 + riur + rous + ... + rpup

each of order p, 1; € Zp, 1 <i<hand 1+ J(R) =<1+71u1 > X <1+ 71w +
rouz > X..X < 14 riur +roug + ... + rpun >= Zyp X ... X Zy 50 that
————

h
R 27y 1 XZLp X .. XLy

————
h

Proposition 4. Let R be an R,- module idealization with u;|v. If 1 < i < h,
and charR = p?, then 1 + J(R) = Z; x (Zy)"
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Proof. Let €1, ...,er € R, with €1 = 1 such that €1, ..., & € Ro/pR, form a basis for
R,/pR, regarded as a vector space over its prime subfield GF(p). For every € =
Liwr I4pe)? =1, (1+eu)’ = 1,1+ 37, eu)? =1, ..., (1—&-2?:1 evu;)? =
1. For positive integers aw, Biv, ...y Bre With o, < p, Bi < p(1 <i < h,1 <v <7),
we notice that the equation []7_,{(1+pe,)* }. [T, {(1 +epur)? LT, {1+
2 euw)P 2y T (L + Z?:l epu;)P} = {1} will imply o, = B, = p for
every v =1,...,7 and 1 <¢ < h. Setting

T, ={(1+pe,)* |a=1,...,p}

SIV = {(1 +€Vu1)61 ‘ 51 = 177p}

2
Sa = {(1+ Z€uui)ﬁ2 | B2 =1,...,p}

i=1

h
ShV = {(1 + ZEVU’Z')B’L | ﬂh = 17 7p}
i=1
we see that the (h + 1)r subgroups 7., S1u, ..., Sh. are cyclic. It is easy to verify
that the product of the (h + 1)r subgroups Ty, S1v, ..., Shy is direct and exhausts
1+ J(R). O

Example 2. For a prime integer p, let R = Zy2 @ Zy2u1 @ ... © Zp2up. In
this case, R, = Z,2, v = 1,k = 2 and using the multiplication in Section 1,
J(R) = pZLy2 ®ZLy2ur @...DZy2up. Clearly, from Lemma 1, R* = Z, 1 % (1+J (R))
where 14+-J(R) = 14-pZ,2 ®Zy2u1 ®...®Zy2upn. Now, the generators of 1+ (R) are
1+pro,1+riur, 1 +rius +raus, ..., 1+r1us +raus +...+rpun each of order p where
To € Lp2,7i € L2 [ply2, 1 < i< hand 1+ J(R) =<1+pro>x <1+ru >
X < 147riur +rau2 > X..X < 14+ 7riur +rouz + ... +7rpup >= Zp X ... X Zyp S0
h+1
that
R 27, 1 X Zp X .. X Ly
—_————

ht1
Proposition 5. Let R be ring with property P, then

o | Lo X Dz X LY, X (Z5)" if p=2

Proof. Let €1,...,6 € R, with €1 = 1 such that €1, ...,& € Ro/pR, form a basis
for Ro/pR, regarded as a vector space over its prime subfield GF(p). Since the
two cases do not overlap, they are considered separately.
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Case 1: p=2.
For each w € 1+ pR,. Setting

H={(-1+2"")|a=1,2}

Q={(1+4)° |B=1,..,2""%}
T,={1+2&)" |k=1,...2" "}, v=2..r
Sw={14eu)" |mn=12hv=1,.,r

2
S ={(1+ Z&/uz‘)w |72 =1,2},v=1,...,r

=1

h

Sy ={(1+ > eu)™ |t =1,2},v=1,..,7
i=1
we see that the (h + 1)r + 1 subgroups H, Q,T., S1v, ..., Shy are cyclic and their
direct product exhausts 1+ J(R).

Case 2: p # 2. Suppose v = 1, ..., and setting
T, ={(1+pe)* |a=1,.,p"""},

Sly = {(1 +6VU1)B1 | ﬂl = 17 "'ap}a

2
Sow = {1+ Y cw)® | B2 = 1,.p},

i=1

h
Swe={1+ > eu)™ |t =1,..,p},

i=1
we see that the (h+1)r subgroups T}, S1,, ...Sh, are cyclic and their direct product
exhausts 1+ J(R). O

The results proved in this section can be summarized by the following Theorem.
Theorem 4. The unit group R* of the idealization ring R, with invariants p

(prime integer), p € J(R), r > 1 and h > 1, is a direct product of cyclic groups
as follows:

Zpr—1 x (Z3)" if charR=1p

RX o Zpr—1 X Z x (Zp)" if charR = p?
T ) Zor1 X Zo X Zgr—z X ZY, x (Z5)" if charR=p",p=2k>3
Zpr—1 X Lj—y % (zZp)" if charR=7p" p#2,k>3
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4 Automorphism Groups of Idealization
Rings
Let R = R, @ Rou1 @ ... @ Roun, where u; € J(R) and that
J(R) = pRo ® Rou1 @ ... ® Roup.

Since every element of R, is expressible in the form a,+ai1p+... +ak,1pk*1 with
Qo, A1, ..., p—1 € o, it follows that every element of R is expressible in the form

Qo+ a1p~+ . + a1 4 s 4 ..+ Apun,
where A\; € F,,1 < ¢ < h. Clearly, the non- zero elements of
{1,p,0% ., 0" ur, o un}
form a basis for R over F,. Since (J(R))*~! = p*"'R, and
ann(J (R)) = p* 'Ro ® Rour @ ... ® Roun,

then (J7(R))*™' C ann(J(R)). Moreover, there exists an element b in R of
multiplicative order p” — 1 such that R, = Zx [b] and F, =< b > U(0)(see e.g [1]).
The following results on (J(R))*~! and ann(J(R)) are worth noting.

Lemma 3. Let R be an R,- module idealization with u;|v and J(R) is the
Jacobson radical of R. Then 1+ (J(R))*™' = (J(R))*!

Proof. For the case 0; = idr,,i =1,...,h , consider the map

¢ 1+ (TR)Y = (T(R) !

defined by
m m
1+ Zmltmﬂn--’r(kfl)t — Z$1t$2t-~-m(k71)t
t=1 t=1
(zie e J(R),1<i<k-1,1<t<m).
Clearly, ¢ is an isomorphism. The general case for o; follows from this. O

The following result demonstrates how a vector space can be obtained from the
Jacobson radical J(R) (see [3]).

Lemma 4. Let R be aring with property P andF = R/J(R). Then J(R)/ann(J(R))

is a vector space over F. Moreover, if the dimension dimz(J (R)/ann(J(R))) = d,
then dimp(J(R))*~! < dF'.
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Now, let R be an R,- module idealization with u;|y and with invariants p, n, r, k, h.
Let {u1,...,ur} be the set of generators for U and {o1,...,0n} be the associated
automorphisms of R with respect to the maximal Galois subring of R, of R where
o; occurs with multiplicity m;,j5 =1,...,h

Now, suppose S is another ring of the same type with the same invariants constructed
from the same maximal Galois subring R, and {EI, ...,Eﬁ} are the associated
automorphisms of S with respect to R,, where &; occurs with multiplicity m;,j =
1,...,h. We determine the conditions under which the two rings, R and S are
isomorphic.

Proposition 6. With the above notation, R = S iff there exists 0 € Aut(R,),
possibly distinct from {o1,...,0n} = {01,...,0n} and (after possible re-indexing),
m; Iﬁl\],j: 1,...,}1

Since R is generated by b and wu;, 1 < ¢ < h, it suffices to find the images of
these elements for complete determination of the automorphisms. Also, every
automorphism from R to R reduced to R, fixes R,. Evidently, to determine the
automorphism group of R (AutR), first we show that R, is invariant under any
automorphism ¢ € AutR. Next, we show that the ideal 7¥~! = p* "R, is also
invariant under any automorphism ¢ € AutR. Finally, we compute the images
of the rest of the generators, by a fixed element of AutR (see [9]). According
to the authors in [10], finding an isomorphism 6 from a ring R onto a ring S
involves considering 7' = R @ S and computing the generator set ¢ of Aut(T).
The following Lemma is due to Chikunji in [9]

Lemma 5. Let 6 € Aut(R). Then 0(R,) is a [11] maximal Galois subring of R
and O(R,) = Ro.

Proof. Suppose 6 : R — R is an automorphism. Obviously, §(R,) is a maximal
Galois subring of R so that there exists an element z € R such that 20(R,)z" ! =
R,.

Now, consider the map ¢ : R — R given by r + 20(r)z~'. Then ¢ is an

automorphism of R which sends R, to itself. O

According to the author in [3], the problem of finding automorphisms of a ring
reduces to that of finding non trivial ring automorphisms. Now, we discuss the
automorphisms of the Ro,- module idealizations with w;|y. Let R be an R, -
module idealization with u;|y. Then J(R) = pRo®Rou1®...HRoun, (j(R))ki1 =
p" "' R,, annihilator ann(J(R)) = p" "' Ro ® Rou1 @ ...® Rous and (J(R))* = (0).
We separately consider the cases where R is commutative and non commutative.
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Case 1: R is noncommutative

For a noncommutative ring R, then there exists 2 € R* which does not commute
with the whole of R, thus defines a non trivial automorphism. In this case, let p
be a prime integer, then the map ¢ : R — R defined by

k—1 h k—1
Zaipi + Zajuj — Z((Z aip’)? + (aJuy))z~ " o € Aut(R,), a;, o5 € Fy
i=0 j=1 i=0

is a nontrivial automorphism of R.
Case 2: R is commutative

A commutative R is expressible in terms of its basis elements {b, u1, ..., ux } so that
pFlu; = 0,uu; = p27¢j where 7v;; € F,,1 < 4,7 < h and p is a prime integer.
Let m; € F,. Bach of the elements p*~'m; € (J(R))*™',(1 < i < h) defines a
nontrivial automorphism as follows:

Ul — U1 +pk71m1

U2 — U2

$1 =

Up — Up

Ul — Ul
U2 — U2 +p° TMma

P2 =

Up — Up

Ul — Ul
U2 —> U2

o =

-1
Up — Uhp —l—p’]C mp

and the product ¢ = ¢1¢2...¢n is an automorphism of R restricted to U.

The Group X
Let R be an R,- module idealization with u;|y and & be the number of nontrivial
associated automorphisms of R with respect to R, taken with their multiplicities
M,
Ue = Z DRou;
ojFidR,
and
Uy= > @Rou;,(1<4,5<h).

oj=idR,
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Suppose z € 1 + J(R) where z = 1+ ¢+ d with ¢ € pR, ® U, = J(R) N Z(R),
deU:. Let X ={m,:2€ 1+ J(R)} and

k=1 h k=1 h
WZ(Z a;p' + Z ajuj) = Z(Z a;p’ + Z ajug)z
i=0 j=1 i=0 j=1

Define a map f: X — Ug by f(7.) =d

Now, let m, = 7s,. Since z € 1 + J(R) and (J(R))* = (0), we write z =
s1.[1h_, sk where

Hskzsflz7Hsk €el+J(R).
k=2 k=2

Ifsi=1+c+dand

n—

1
H1+tu
=1

v

[T
k=2
where d € Ug and
tv,cty,dt, € pRo® Uy, =J(R)NZ(R),1 <v<n-—1

then

z=]]sv=1+(c+t+ct+dt)+d

v=1

where 7 = ZZ;; t,+ sums of mixed products of t,,1 < v < n—1and =
t—"_'t,. Thus g(m.) = g(7s, ) showing that g is well defined. Since R is finite,
g is clearly onto. Moreover, it is routine to show that g(m., 7.,) = (7., )+ g(72,).
Thus

g: X — U
is an isomorphism.

Let U = U1 & ... ® Us, where each U, = Zak:%_ @®Rouk, so that op is the
automorphism associated with ux and 1 < v < s. The following is essentially
Remark 2 in [12].

Suppose U = Zaﬁéidm ®Rou;, Uy = Zdj:idl?,o @®Rou;, then

Uy for some k € {1,...,s},if one of the associated automorphisms
U”? = of R with respect to R, is trivial
(0) if none of the associated automorphisms of R with respect to R, is trivial

Given that U, = Uy, for some k = {1, ..., s}, take U,y = Us. Then Ug = U1 ®...®&Un,
where m = s — 1. So, we consider U = Z?:I @®Rouj,h =11 + ... + s where each
1, is the number of elements in the generating sets for U,, (v =1, ..., s)

The following Lemmas are useful in determining the automorphisms of idealizations
constructed in this paper and their proofs can be obtained in [11].
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Lemma 6. Let R be an R,- module idealization with u;|y and G = Aut(R).
Suppose K < G containing all the automorphisms ¢ defined by

k-1 h k—1 h h
¢(Z aipi + Za]-uj) = (Z aipi)U + Z Za}’d)u(uj), ai,a; €F,
i=0 j=1 i=0 v=1j=1

o € Aut(R,) and if u; € Uy, then ¢, € Autg, ;pr, Us.
Suppose K1 is a subgroup of K containing automorphisms ¢, defined by

k—1 h k—1 h
¢ (D aip' + Y aguy) = (D ap') + > afus,ai,05 € F,
i=0 j=1 i=0 j=1
and K> be a subgroup of K containing automorphisms ¢* defined by

k—1 h
¢*(Za¢pi+2ajuj Zalp +22a]¢yu3,al,¢y € Autg,/pr, U
i=0 Jj=1

v=1j=1

ifuj € U,. Then K = Ky X, K1 where 7 : K1 — Aut(K>) defined by ¢o — (¢* —
@%) Is a group homomorphism.

Lemma 7. Let R be an R,- module idealization with u;|y and G = Aut(R).
Suppose L < G containing all the automorphisms 7 defined by

Zmp +Zagu3 —zZalp +Zajuj+ Z P raymy)zt 2 e R

oj=idR,

(z=51...8n,8 €1+ TJ(R),1 <i<n),m;a; €F,
0; is the automorphism associated with u;.
Suppose L is a subgroup of L containing automorphisms 7 defined by

k—1 h
f(Za,’pi—FZajuJ Zalp +Zaju] + Z P ajmjvaivmj eF,
i=0 j=1

oj=idR,

o is the automorphism associated with u;, and

L2 be a subgroup of L containing automorphisms 7, defined by

k—1 h k—1 h
Z(Z aip’ + ZO[]‘U]‘) = Z(Z aip’ + Zajuj)z_l, z € R*.
i=0 j=1 i=0 j=1
Then L = Ly x Ly

Lemma 8. Let K and L be as defined in Lemmas 6 and 7 respectively. Then
G = L Xo K where a : K — Aut(L) defined by

¢ o — (T2 = T (¢ o) 2(¢" b))

is a group homomorphism.
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Remark: Notice that each element of G is of the form w¢, where m € L, ¢ € K.

Lemma 9. Let f: Ly — U, defined by f(7) = mju;. Then Ly = U,.

oj=idR,

Remark: Using the above Lemma and the fact that Ly = X = Ug, we obtain
Ly x Ly 2 U, ®Us. Thus U = Uy @ ... ® Us, we can view each of the U, (v =
1,...,8) as a vector space over Ro,/pR, and Aut(U,) corresponds to the set of
invertible matrices GL(l,, Ro/pR,). Now, Ko = Aut(U) corresponds to the set
of the invertible matrices [, _, GL(l., Ro/pR,). Since Aut(R,) = Aut(R,/pR,),
notice that K1 = Aut(Ro/pRo)-

The following is the main result in this section. It is similar to Theorem 2 in [12].

Theorem 5. Let R be an R,- module idealization with u;|y. Then the map

Aut(R) — U o (f[ GL(L,, Ro/pRo) xx Aut(Ro/pR,))

v=1
is an isomorphism and in particular

s ly—1

| Aut(R) |= (")"(]T TD(@""™ = " ))))r

v=1 =0

Proof. Use the fact that | U |= (p")" , | GL(L, Ro/pRo) |= [1;% ' ((07)" = (07)"),
and r =| Aut(R,) |, the order of the automorphism group of the ring R clearly
follows. The rest of the proof follows from Lemmas 6 to 8. O

5 Zero Divisor Graphs of Idealization Rings

The zero divisor graphs discussed in this section were introduced by Anderson
and Livingston [13]. They are denoted by I'(R). There are differences in the
structural and geometrical properties of the graph I'(R) for each characteristic
of the idealization ring. To this end, we present results on the graph I'(R) for
each characteristic. Similar studies have been done in [14]. On some of the latest
developments on the zero divisor graphs of finite commutative rings, the reader
may refer to [15].

Case I: Zero Divisor Graph when charR = p.
Proposition 7. Let R be an R,- module idealization with u;|u. Suppose charR =
p, then

(i) T(R) = K nr_,y

(i) diam(I'(R)) =1
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(i)
©ifr=1,h=0andp=2,3
3 elsewhere

v = {
(iw) b(I'(R)) = oo
Proof. (i) and (ii) easily follows from the fact that I'(R) is completely connected

and has p™ — 1 vertices. To establish (iii), if » = 1,h = 0,1 and p = 2,3
then p"™ — 1 < 2 so that gr(I'(R)) = oco. Otherwise, p"” — 1 > 2 and since the

completeness of the graph implies that gr(I'(R)) = 2diam(I'(R)) + 1, the result
easily follows. To establish (iv), we use the formula b(I'(R)) = “\;(S“T")l. Since the
set S of minimal degree in V(I'(R)) is empty, the result easily follows. O

Case II: Zero Divisor Graph when charR = p*.

Proposition 8. Let R be an R,- module idealization with u;|u. Suppose charR =
2
p*, then

(i) T(R) = Kp(h+1>ul
(i) diam(I'(R)) =1
(i)
gr(L(R)) =

() b(I'(R)) = oo

Proof. Similar to Proposition 7. O

cifr=1,h=0and p=2,3
3 elsewhere

Proposition 9. Let R be an R,- module idealization with u;|u. Suppose charR =
p or p>. Then I'(R) is triangular if R is one of the following.

(i) Zo @ Zo ® Lo
(i) Za® Zo
(i1i) Za[z]/ < 2> +x+1>
Proof. Fix the invariants p,r, h, k for which I'(R) = K3s. O
Case III: Zero Divisor Graph when charR = p* k> 3.

Proposition 10. Let R be an R,- module idealization with u;|u. Suppose char(R)
p*. k> 3 then

k
p2 T _partite if k is even
k—1+2h

pt" 2 )" — partite if k is odd

gr(L(R)) = {

Proof. Refer to [14] O
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Proposition 11. Let R be an R,- module idealization with u;|y. Suppose char R =
p* k> 3 then

(i) diam(T(R)) =2
(i) gr(U(R)) =3
(i)

(&+n)r_ . ,
% if k is even
—14+h)r _ 2
bIT(R)) = b (’“;1+1;L)7v 1
P 1 if k is odd
p(k—1+h)T_p(T+h)"
Proof. Refer to [14] O

Proposition 12. There exists no ring in the Construction whose zero divisor
graph, I'(R) is an n— gon, n > 3.

Proof. Suppose R is not a field and the cardinality of V(I'(R)) is greater than 3,
then Ann(Z(R)) # (0), since Z(R) is a nilpotent ideal. If 0 # a € Ann(Z(R)),
then a is adjacent to every other vertex in V(I'(R)). O

Proposition 13. Let R be a commutative ring with property P. Then diam(I'(R)) =
0,1 or 2.

Proposition 14. Let R be a commutative ring with property P. Then gr(T'(R)) =
oo if R is one of the following.

(i) R =Z2[z]/ < f(x) > where f(z) is a monic irreducible polynomial modulo
p of degree r

(it) R =175 Lo
(iti) R=17s&® Zs

6 Conclusion

The Galois ring module idealization has an interesting structure. For the finite
commutative case, the unit group is expressible as a direct product of cyclic
groups. The automorphism group of the idealization ring is a semi direct product
of the Galois ring module by a general Linear Group over the field R,/pRo by
the automorphism group of R,/pR,. The zero divisors of the idealization ring
constructed in this paper form a unique maximal ideal thereby implying that
the ring is completely primary. The results obtained in this study contribute
significantly to the existing literature on the classification of finite rings. This
is evident, because the rings considered in this work are completely primary and
every commutative finite ring is expressible as a direct sum of completely primary
finite rings. Furthermore, the results can be used to settle some questions in
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matrix theory and the theory of algebraic cryptography. The future direction of
this research should delve into the matrices of the zero divisor graphs of the rings
with property P.
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