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Abstract

The Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-COV-2) is a strain of Coronavirus that causes
Coronavirus Disease 2019 (COVID-19). The respiratory illness responsible for the COVID19 pandemic began
in December 2019 in Wuhan city, China. Mathematical modeling has enabled the epidemiologist to understand
the dynamics of the disease, its impact and future predictions in order to provide the governments with the best
policies and strategies to curb the spread of the virus. Deterministic susceptible-vaccinated-asymptomatic-
infectious-recovered (SVAIR) model was formulated incorporated with time delay. The delay accounts for the
time lapsed between exposure and infectious period. Furthermore, time delay and vaccination inversely affects
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the basic reproduction number hence play a major role in stabilizing the rate of infection. In this study delay
differential equations (DDE) were formulated for the purposes of determining the stability of both disease free
equilibrium (DFE) and endemic equilibrium point (EEP). It was found out that the model was stable at both
Disease Free Equilibrium (DFE) and Endemic Equilibrium Point (EEP) and was attained whenever R, < 1
and R, > 1 respectively. Calculations based on secondary data from various works of literature and the WHO
dashboard was used. The basic reproduction number (R,) was computed using the next generation matrix
(NGM) approach. Finally, numerical simulations were carried out using MATLAB for validation of the
analytical results. Graphical representation shows that stability is achieved when T > 5 days and that R, =
0.95 at DFE. Furthermore at EEP it was noted that R, = 1.02 hence stability was guaranteed.

Keywords: COVID-19; reproduction number; delay differential equations; stability; disease free equilibrium.

1 Introduction

The devastating Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-COV-2) is a strain of Coronavirus
that causes Coronavirus Disease 2019 (COVID-19). The respiratory illness responsible for the COVID-19
pandemic which began in December 2019 (WHO, 2020) in Wuhan City, China and spread to many countries in
the world (Shen et al., 2020). Kenya reported its first case of COVID-19 in March 2020. This resulted in the
restriction of movement by the government, which included the closure of all learning institutions (McCloskey et
al., 2020).

As of 18" April 2022, COVID-19 had spread to every country in the world, resulting in 500,186,525 confirmed
cases of infection and 6,190,349 deaths globally, according to the WHO's pandemic declaration from March 2020
(WHO, 2020). The number of COVID-19 cases reported to WHO by selected countries as at April 2022 include;
USA had 79,716,960 confirmed cases and 2,711,776 deaths, United Kingdom had reported 21,715,120 confirmed
cases and 979,321 deaths, Africa had reported cumulative of 8,676,141 confirmed cases and 171,350 deaths and
Kenya had reported 323,588 confirmed cases and 5649 deaths, (Shen et al., 2020).

Over time, it became evident that the Kenyan government's non-pharmaceutical mitigation measures to curb the
spread of COVID-19 were not effective. Use of face masks, keeping of social distance, routine hand washing,
isolation of suspected cases and contact tracing were a few examples of such intervention measures. Because of
the rapid spread of COVID-19 globally, vaccination has been identified as the best containment strategy by several
countries. The WHO approved COVID-19 vaccines where Kenya used different types of vaccines such as Astra
Zeneca, Modena, Pfizer and Johnson and Johnson. In this study, an SVAIR mathematical model was formulated
using delay differential equations (DDE) in which delay is incorporated to ascertain for the incubation period in
the COVID-19 transmission dynamics.

2 Review of Related Literature

The novel coronavirus identified as Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-COV-2) is a strain
of Coronavirus that causes Coronavirus Disease 2019. This disease was named by the World Health Organization
(WHO) as Coronavirus Disease 2019 (COVID-19) (WHO, 2020). WHO declared COVID-19 a pandemic in
March 2020.

Musa et al., (2022), studied the infection fatality rate and infection rate of COVID-19 in Nigeria using a
susceptible-exposed-infectious-recovered (SEIR) based model with a time-varying transmission rate controlled
by systems of delayed differential equations (DDES). They discovered that the awareness campaigns, in particular
the use of non-pharmaceutical measures in mitigating the spread of COVID-19 were effective during the earliest
period of infection.

Xu et al., 2021, in their study found out that in the absence of vaccines, early detection, isolation and treatment
were then the most efficient intervention measures. The study only concentrated on non-pharmaceutical
approaches for containing and lessening the pandemic impact in the absence of reliable vaccines or antivirals.
These mitigation measures were temporary, since over time, the general populace has a tendency to loosen them,
which would accelerate the spread of COVID-19. This study did not consider how the COVID-19 incubation
period affected the isolated and confined patients.
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Wangari et al., (2021), studied the mathematical modeling of COVID-19 transmission in Kenya, a model with a
re-infection transmission mechanism. They found out that a large pool of infectious people who were
asymptomatic would eventually increase symptomatic people with mild and severe symptoms, which may
eventually increase the overall number of reported deaths. The model used deterministic ordinary differential
equations (ODEs) for computation of basic reproduction number. Unfortunately, the model did not take into
account the incubation period during asymptomatic period but it called for further research on the problems
presented by asymptomatic patients in connection with reinfection.

Aldila et al., (2020), in their study, they considered the undiscovered asymptomatic individuals who actively
contributed to the transmission of COVID-19 despite having no symptoms. The study also demonstrated that the
inadequate healthcare resources contributed to the spread of COVID-19 virus. SVEIAHR mathematical model
were developed, sensitivity analysis was used to determine how the model parameters affected the spread of the
disease. The study found out that although it was necessary to reduce the basic reproductive number below one in
order to stop the spread of infection, it was not sufficient because several additional intervention measures were
required.

Lemaitre et al., (2020), in their study, they investigated the effects of non-pharmaceutical strategies, according to
their studies, there was a significant amount of virus transmission through contaminated surfaces, depending on
the nature of the virus. This study expressed concern over the fact that public awareness of COVID-19 was one
of the major challenge in curbing the spread of COVID-19. Many people choose not to follow the safety
precautions already in place including wearing face masks, regularly sanitizing, avoiding crowded areas and
maintaining social distance. The mathematical model did not considered vaccination as the mitigation measure
against the spread of COVID-19.

Shattock et al., (2022), studied the mathematical model based on ordinary differential equations (ODEs). Their
study subdivided the total population into; susceptible, vaccinated, infectious, asymptomatic and recovered
(SVIAR). Their study showed that vaccinations could assist to reduce transmission rates, but they also stated that
during the COVID-19 pandemic, proper waste management was essential. In addition, it did not state how the
asymptomatic individuals affect the transmission dynamic of COVID-19 and the time delay.

The above studies did not consider the use of delay differential equations (DDES) in modeling the transmission
dynamics of COVID-19. This study formulated a mathematical model incorporating DDEs for the transmission
dynamics of COVID-19 in Kenya in which incubation period is considered.

3 Methodology

3.1 Introduction

In epidemiology, the basic reproduction number of an infection is the mean number of new infections arising from
a single infectious person introduced into a purely susceptible population during infectious period. The basic
reproduction number R, is the threshold for many epidemiological models. When R, > 1 the disease-free
equilibrium point is unstable, the infection will be able to spread in a population and locally stable for R, < 1, the
infection dies out in the long run.

To obtain R, the dominant eigenvalue of the next generation matrix is considered such that R, = pFV 1. Where
p is the spectral radius of the next generation matrix. Matrix F; represents the rate of new infection entering
compartment i, and matrix V; represents the rate of transfer into and out of compartment i by other means. Since
we are dealing with large population, compartmental mathematical model is used. The total population is
subdivided into compartments each representing a specific stage of epidemic. The Susceptible-Vaccinated-
Asymptomatic- Infected- Recovered (SVAIR) mathematical models are utilized to study and analyze the COVID-
19 transmission dynamics.

3.2 Methods of solution

The stability of the model has been determined using the Jacobian matrix which is a system of partial derivative
of equations for checking the stability of Disease Free Equilibrium (DFE) and numerical simulation was done
using MATLAB to validate the analytic results.
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Fig. 1. SVAIR model flow diagram

3.3 Model equations

ds(t)
T =p—wS = BSI; = BoSI; — 1S
dv(t)
“dt =wS — eVl — &Vl — &Vl — v,V
dA(t)
T = ﬁZSIT + EZVL'IT - 61‘41' - 62‘41' - VSA (31)
dai(t)
- BiSIy + & Vol + 614, — al, — (ya + Wl
dR(t)
dt = al-[ + 52AT + £3VL—I.L- —_ ]/SR

3.4 Model preliminary analysis
3.4.1 Positivity and boundedness of the model
Positivity and boundedness of the model is shown before doing result analysis for model equation 3.1 to be
epidemiologically meaningful. Thus, we show that all state variables of the model equation (3.1) are nonnegative
for all time t > 0 and bounded and the existence of solutions are underscored by these properties.
Let C = C [-7,0], R> be a Banach space of continuous functions mapping the interval [-t, 0] into R> with the
topology of uniform convergence. By fundamental theory of differential equations, it can be shown that there
exists a unique solution (S(t), (1), A(t), I(t), R(t)) of the model equation 3.1 with initial data.

(5(0) > 0,V(0) > 0,4(0) > 0,1(0) > 0,R(0) >0 € () (3.2)

In addition, we assume that the initial data for the model equation 3.2 satisfies;

So(P) 2 0,Vo(p) 2 0,40(p) = 0,15(p) = 0,Re(p) 2 0,€ [-7,0] (3.3)
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The following theorem establishes the positivity and boundedness of the solution with initial functions satisfying
(3.2) and (3.3)

Theorem 3.1

Let (SVAIR) be the solution of the model equation 3.1 satisfying the condition 3.2 and 3.3. then S,V,A/l and R
are all positive and bounded for all t > 0 at which the solution exist.

Proof

From the equation 3.1 we have

t t
S(t) = S(O)e_fo(w+ﬁllr+ﬁ21‘r+yl)d9 + fot(p + (0 + BuI, + By, + Y1)) S((p)efo(w+ﬁllr+ﬁ21,+y1)a9d(p (3.4)
From 3.4 it is clearly seen that S(t) > 0 hence positive. Similarly, it can be shown that
V() >0,A(t) >0,I(t) >0,R(t) >0 (3.5)
Using equation 3.2 and 3.3, positivity follows immediately from the above integral forms.

For boundedness we define

N() = S(t) + V() + A®) + I(t) + R(D) (3.6)
dN(E)  d(S(t) + V(t) + A(®) + I(t) + R(D))

. dt 3.7
dN(t)

=P~ Y(S® + V() + A®) +1(t) + R(t)) (3.8)
Thus £ <p-x (3.9)
Where 2 =yS+yV +yA+yl +yR (3.10)

This implies that N(t) is bounded and so are
S+ V(@) + A() + 1(t) + R(t). This complete the proof of theorem 3.1
3.4.2 Computation of basic reproduction number R,

Infections produced by a single infectious individual during the course of their infectious period are known as the
basic reproduction number. R, is the threshold value for infectious disease models because when R, < 1, the
disease dies off, indicating that the disease free equilibrium state (DFE) is stable and when R, > 1, the DFE is
unstable, meaning that the disease spread throughout the population.

In this study we adopted the next generation matrix (NGM) approach in computation of R, such that R, = pFV 1
where p is the spectral radius for NGM while F is the matrix of new infection by the disease and V is the matrix
of transfer of infection in and out of the compartment by other means. The dominant eigenvalue of the NGM is
considered as Ry. In the model equation 3.1, there are two infectious classes; A and | hence at disease free
equilibrium, the matrix of new infection is given by matrix F and V.

Matrix F; is obtained by considering the rate of new infections entering the compartment i is given by;

.BZSIT + SZVL'[T

Fi=lp st + el +6,4,

(3.11)
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The matrix that represents the rate of transfer into and out of compartment by other means at DFE is given by;

_ 61AT + 62A1— + ygA

ve= e L (3.12)

We then differentiate F; partially with respect to the state variables to obtain a 2 X 2 matrix
0 V. + B,S e
= . (&2 + B2 )e—a (3.13)
b7 (e + B1S)e™
Similarly, differentiating matrix V; partially with respect to the state variables, we obtain a 2 x 2 matrix,
8, + 8)e M + 0
‘/i — ( 1 Z)e Y3 . (314)
0 ae™ "+ (yo + 1)
The inverse of V is computed as
;_l 0
v-1 = (61+62)e™"T+y3 (3.15)
1 .
0 ae~ 4 (yytp)
Using the next generation matrix (NGM) to determine the basic reproduction number R,
0 (e2Ve+B2S)e~ e
At
NGM = FV~t = ) ae et (3.16)
51e M (e1Vi+B1S)e M

(81+82)e At+y;  ae AT+ (vatp)

The eigenvalues of matrix (3.16) are computed by |J — IA| = 0, where J is the matrix FV~! and I is 2 x 2
identity matrix.

(£2Ve+B25)e ™M

0 h A ae_l‘r+(y4+#) (3 17)
e~ (e1Vi+B1S)e™™ .
(61+82)e Mt 4ys  ae~AT+(yatu)
Solving for the eigenvalues we obtain;
/1*1 = 0 \
1. = (SIVT+B15)e_}“T (3.18)
2T ae At (ya i) J
The dominant eigenvalue is;
_ (e1Ve+B1S)e ™t
22 = e (3.19)
_ _ (a1VetB S)e_}“f
Therefore, Ry (moger 3.1) = Az = m (3.20)

3.5 Local stability of disease free equilibrium

Mathematical epidemiology considers two equilibria points; Disease Free Equilibrium Point (DFE) where R, <
1 and Endemic Equilibrium Point (EEP) where R, > 1. DFE occurs in absence of the disease while EEP occurs
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in presence of a disease. A system is stable if all the eigenvalues of the linearized matrix about a fixed point have
negative real parts. The dominant eigenvalue of the Jacobian matrix obtained during disease DFE yield the basic
reproduction number R, which determine the stability of the disease. DFE is an equilibrium point described when
the rate of change is equal to zero. It is evaluated by equating the system of delay differential equations (3.1) to
zero. The Jacobian matrix is obtained from the first partial derivative of the model equations 3.1 in which the DFE
is locally asymptotically stable if R, < 1, otherwise unstable. To obtain the Jacobian matrix we differentiate
equation (3.1) with respect to state variables at DFE.

p—wS—=pSl; = BoSI, —v1S=0

wS —e Vil — &Vl — eVl —y,V =0

BoSL + &Vl — 614, — 6,4, —y3A =0 (3.21)
BiSL + eVo I + 6,4, — al; — (Y4 + .u)l =0 |

al, + 6,A; + &V I, —ysR=10

The linearization matrix is given by;

—(w+ B+ Bl 7)) 0 0 0 0
a —(g +tete e —y, 0 (g + & + &)V 0
B-I: "-’:Jrre_)1r —(6, + 6. Je~h - ¥a (B.5+ S:Vr)e_jr 0
Byl gL~ g™ ~(a-Bs—gv)e—(y,+p) 0
0 g letr d,e~h (a+ev,)e ~¥s

(3.22)

The equation 3.1 is locally asymptotically stable if all the eigenvalues of the linearization matrix of the equation
3.1 are negative. The eigenvalues are:

A**1 = —((1) + ﬁllr + ,8211' + yl)

Az = —(&1 + & + &)l e ™™ —y,

Aoz = —(8; + 8)e™ M —y;

Aea = —(@ = Bys — & v)e™ — (y4 + 1)

Aiws = —Vs (3.23)

For the model 3.1, it is clear that the dominant eigenvalue is;
Aoy = —(a — 15 — v )e™ — (v, + 1) (3.24)
Theorem 3.2
Disease free equilibrium is stable whenever R, < 1, otherwise it’s unstable.
Proof
A4 Should be negative. This can only be negative if,
—(a—Bis—ev)e™ = (yu+1w) =0
Which simplifies to
(Bys + gvp)e ™ < ae ™ + (y, + 1) (3.25)
This implies that;

Ry = (Bisteive™

T ae Mt (yutp)

(3.26)

Therefore R, < 1 is obtained for DFE to be stable.
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4 Numerical Analysis and Results

This section comprises of parameter values obtained from literature and graphs obtained using Matlab. (Table
4.1)

Table 1. Table of parameters, parameter description, values and source

Parameter Description Value Source
S Susceptible class 5.036 x 107 years™! Estimated from
(Muchiri et al., 2022)
% Coronavirus disease vaccinated 0 (Carpio et al., 2021)
class
A Asymptomatic infected class 7322 years™?! (Carpio et al., 2021)
1 Symptomatic infected class 7545 years™! Estimated from
(Muchiri et al., 2022)
R Recovered class 203968 years™! Estimated from
(Muchiri et al., 2022)
p Recruitment rate 1762 days™?! Estimated from
(Muchiri et al., 2022)
w Rate of progression from S to V 0.002 days™! Assumed
By Transition rate from susceptible to  0.233 days™! (Chae et al., 2020)
infectious class
B Transition rate from susceptible to ~ 0.09786 days™? (Algarni et al., 2022)
asymptomatic class
& Rate of progression from V to | 0.462 days™! Chae et al., 2020
& Rate of progression from V to A 0.039 days™? (Li et al., 2020)
1 Immunity development period 0.0714 days™* (Algarni et al., 2022)
&3
5, Rate of progression from Ato | 0.1428 days™? (Algarni et al., 2022)
5, Rate of progress from Ato R 0.165 days™?! (Buonomo et al., 2022)
a Rate of progression from | to R 0.1days™! (Algarni et al., 2022)
y Natural death rate 1.07 X 10”2 years ™! (Buonomo et al., 2022)
U Disease induced death rate 6.248 X 10™* days™!  (Buonomo et al., 2022)
T Time delay To be determined

Fig. 2 shows the dynamics of population of various compartments against time in days. From the graph, it is
evident that nearly the entire population were susceptible from the onset and as the infections number increases,
the number of susceptible individual drastically decreases to about 20 percent because vaccination, treatment and
time delay played a major role in stabilizing the rate of infection. Increasing vaccination coverage means immunity
of the susceptible individual is improved hence the infectious period delayed and therefore the basic reproduction
number is lowered, minimizing the rate of infection.

Fig. 3 shows that the reproduction number R is directly proportion to the rate of death due to COVID-19 (u)
unless intervention measures like vaccination is rolled out which increases the latent period hence R, is lowered
resulting in reduced death rate.

Fig. 4 shows a plot of reproduction number against the rate of progression from asymptomatic (A) to infectious
(). 1t is evident that R, is directly proportional to the rate of progression &. A shorter asymptomatic infectious
period potentially increases the value of R, hence higher rate of progression from A to I.

Fig. 5 shows a plot of reproduction number against time delay at DFE. From the graph R, is inversely proportional
to time delay . A shorter 7 leads to a higher R, therefore highly contagious variants spread faster before
intervention measures can take effect.
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Fig. 5. A plot of R, against Time delay (7)

5 Conclusion

It was found out that the model was stable at both Disease Free Equilibrium (DFE) and Endemic Equilibrium
Point (EEP) and was attained when R, < 1 and R, > 1 respectively. Parameter values were taken from the
literature, and the analytical findings were verified numerically using the Matlab dde 23 solver. This was affected
by vaccination, time delay and the rate of progression from asymptomatic class to infectious compartment. From
the study it is evident that for time delay 7 > 5 days, DFE is stable otherwise unstable. Numerical simulation was
carried out to validate the analytic results where it was found out that R, = 0.95 at DFE. Furthermore the results
show that stability was guaranteed at EEP and is attained at R, = 1.02. Time delay, rate of vaccination and rate
of progression from asymptomatic to infectious plays an important role in the transmission of COVID-19 and
stability at DFE and EEP.

Suggestions for Further Research

This study has not exhausted all about COVID-19 transmission dynamics. Further studies can be done on COVID-
19 vaccine efficacy. The model can be extended to include co-infection between COVID-19 and TB or any other

10
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underlying conditions. Further studies can be done on the effects of partially and fully vaccinated individuals on
COVID-19 transmission dynamics.
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