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Abstract

Let Ro be a Galois ring. It is well known that every element of Ro is either a

zero divisor or a unit. Galois rings are building blocks of completely primary

finite rings which have yielded interesting results towards classification of

finite rings. Recent studies have revealed that every finite commutative ring

is a direct sum of completely primary finite rings. In fact, extensive account

of finite rings have been given in the recent past. However, the classification

of finite rings into well known structures still remains an open problem. For

instance, the structure of the group of units of Ro is known and some results

have been obtained on the structure of its zero divisor graphs. In this paper,

we construct a finite extension of Ro (a special class of completely primary

finite rings) and classify its group of units for all the characteristics.

1 Introduction

In this paper, we consider finite, associative, commutative rings with identities.

It is assumed that all ring homomorphisms preserve identity and a ring with its

subrings have the same identity. In the sequel, Z denotes the ring of all integers,

Zn denotes the ring of integers modulo n, Ro = GR(pkr, pk) denotes the Galois

ring of order pkr and characteristic pk. The unit group of a ring R is denoted by
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U(R) while its Jacobson radical is denoted by J(R). The other notations used in

this paper are standard.

Now, for a prime integer p and positive integers k and r, let Ro be a Galois ring

of order pkr and characteristic pk. Let U be a finitely generated free Ro-module

with generators u1, ..., uh, such that pui = 0 for k = 1, 2 and pjui = 0 for 1 ≤ i ≤ h
and 1 ≤ j < k, so that R = Ro ⊕ U = Ro ⊕ Rou1 ⊕ · · · ⊕ Rouh is an additive

abelian group, where every element of Ro is expressible uniquely as

k−1∑
f=0

pfλf , λf ∈ Ro/pRo.

On R, define multiplication by

(ro,
h∑
i=1

riui)(r
′
o,

h∑
i=1

r
′
iui) = (ror

′
o,

h∑
i=1

[(ro + pRo)r
′
i + ri(r

′
o + pRo)]ui).

It is easy to verify that the multiplication turns R into a commutative completely

primary finite ring with identity (1, 0, ..., 0).

A similar construction was given in [3] and [7] and the group of units and the

group of automorphisms of R were determined with the restriction ui
∣∣
U

so that

pui = uiuj = 0, 1 ≤ i, j ≤ h. Related studies on such finite rings were conducted

in [5] and [6]. Studies on completely primary finite rings have attracted much

attention in the recent past. This is because of their significant contribution

towards the classification of finite rings, since every finite ring is expressible as a

direct sum of completely primary finite rings. Raghavendran [9] and Wilson [11]

have extensively studied finite rings even though their classification into well

known structures is still an open problem. The units of Galois rings were studied

by Raghavendran [9] while their zero divisor graphs were studied by the author

in [4] and [10] among others. Gilmer in [2] determined all local rings R where

U(R) is cyclic. Pearson and Schneider in [8] found all rings whose unit groups

are generated by 2 elements. In this paper, we lift the restriction of ui on U so

that pui = uiuj = 0 and consider the order o(ui) = pj or pjui = 0, i = 1, ..., h and

1 ≤ j ≤ k − 1 when char R = pk. We determine the generators and the structure

http://www.earthlinepublishers.com



Unit Groups of a Finite Extension of Galois Rings 1231

of the group of units U(R).

2 Rings in which the Product of any Two Zero

Divisors is Zero

Let Ro = GR(pkr, pk), where k = 1, 2 and U be an Ro-module generated by

u1, ..., uh, where pui = 0, i = 1, ..., h, so that R = Ro⊕U = Ro⊕Rou1⊕· · ·⊕Rouh
is an additive abelian group on R, define multiplication as given in Section 1. Then

R is a commutative ring with identity, |R| = p(k+h)r. The set of the zero divisors

of R is a unique maximal ideal

Z(R) = pRo ⊕ U = pRo ⊕Rou1 ⊕ · · · ⊕Rouh = J(R),

the Jacobson radical of R and (J(R))2 = (0). Since Ro ⊆ R and the degree

[R : Ro] = phr, R is a finite extension of Ro. Now, if |R| = pnr, then since

|Ro/pRo| = pr, it follows that n = k + h where k = char R.

2.1 The unit group U(R)

From the ring constructed in Section 1, R is commutative and consequently U(R)

is an Abelian group.

The following result is well known (see, e.g., [1], Proposition 2.1]).

Lemma 1. Let R be a ring constructed in Section 1. If char = pt, t = 1, 2,

then U(R) is cyclic iff 1 + J(R) is cyclic. Moreover, U(R) = 〈b〉 · (1 + J(R)) ∼=
〈b〉 × (1 + J(R)), a direct product of the p-group 1 + J(R) by the cyclic subgroup

< b > where b ∈ R and the order o(b) = pr − 1.

A complete classification of U(R) requires that the structure of 1 + J(R) be

completely determined. 1+J(R) is an abelian p-subgroup of U(R) with a filtration

1 + J(R) ⊇ 1 + (J(R))2 = 〈1〉
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and the filtration quotient

1 + J(R)/1 + (J(R))2 = 1 + J(R)

isomorphic to the additive group

J(R)/(J(R))2 = J(R)

since

(J(R))2 = (0).

The following results are useful in determining the structure of 1 + J(R). Their

proofs are straightforward and may be obtained from [7].

Lemma 2. Let p be a prime integer. Then 1 + pRo is a subgroup of 1 + J(R).

Proposition 1. For each i = 1, 2, ..., h, 1 +
∑h

i=1Roui is a subgroup of 1 +J(R).

Proposition 2. The group 1 + J(R) is a direct product of the subgroups 1 + pRo

by 1 +
∑h

i=1⊕Roui.

Next, we summarize the unit group U(R) of the ring constructed in Section

1, where charR = p or p2.

Proposition 3. The unit group U(R) of a ring constructed in Section 1 of

characteristic p or p2 is a direct product of cyclic groups as follows:

U(R) ∼=


Zpr−1 × Zrp × · · · × Zrp︸ ︷︷ ︸

h

if charR = p

Zpr−1 × Zrp × · · · × Zrp︸ ︷︷ ︸
h+1

if charR = p2.

.

3 Rings in which the Set of Zero Divisors, J(R)

satisfies (J(R))k = (0), (J(R))k−1 6= (0), k ≥ 3

For k ≥ 3, let Ro = GR(pkr, pk) be a Galois ring and U be Ro module generated

by u1, ..., uh where pjui = 0, 1 ≤ i ≤ h, 1 ≤ j ≤ k − 1, so that R = Ro ⊕ U is
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an additive abelian group. Using the multiplication in the construction given in

Section 1, the set of the zero divisors

J(R) = pRo ⊕Rou1 ⊕ · · · ⊕Rouh, pjui = 0, 1 ≤ j < k,

(J(R))k−1 = pk−1Ro

and

(J(R))k = (0).

It is also evident that

0→ Ro
.pj−−→ Ro

g−→ Ro/p
jRo → 0

is a short exact sequence since the image Im(.pj) = pjRo = (pj) = kernel of g.

Further |R| = p(k+jh)r and [R : Ro] = pjhr. Now, J(R) has the following filtration

J(R) ⊃ (J(R))2 ⊃ · · · ⊃ (J(R))k−1 ⊃ (J(R))k = (0)

and the p-group 1 + J(R) has the following normal subgroups:

〈1〉 = 1 + (J(R))k � 1 + (J(R))k−1 � · · ·� 1 + (J(R))3 � 1 + (J(R))2 � 1 + J(R).

It is easy to see that (J(R))j/(J(R))j+1 ∼= 1+(J(R))j/1+(J(R))j+1, 1 ≤ j ≤ k−1.

3.1 The unit group U(R)

We determine the group of units of the ring R constructed in Section 1, when

characteristic char R = pk, k ≥ 3.

The following result due to Raghavendran [9] on the structure of the units of

the Galois ring Ro = GR(pkr, pk) shall be useful.

Theorem 1. Let Ro = GR(pkr, pk) be a Galois ring. Then U(Ro) is a direct

product of the cyclic group of order pr − 1 by the group 1 + pRo of order p(k−1)r

whose structure is described as follows:

(a) If (i) p is odd,or (ii) p = 2 and k ≤ 2, then 1 + pRo is the direct product of r
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cyclic groups each of order pk−1.

(b) When p = 2 and k ≥ 3, the group 1 + pR0 is the direct product of a cyclic

group of order 2, a cyclic group of order 2k−2 and r−1 cyclic groups each of order

2k−1.

We notice that char Ro = char R = pk, 1 ≤ k < k + jh;

J(R) = pRo ⊕Rou1 ⊕ · · · ⊕Rouh

(J(R))2 = p2Ro ⊕ pRou1 ⊕ · · · ⊕ pRouh

·

·

·

(J(R))k−1 = pk−1Ro

(J(R))k = (0).

Further, |R| = p(k+jh)r, |J(R)| = p(k+jh−1)r. Hence R/J(R) ∼= Fpr . Also

U(R) ∼= Zpr−1 × (1 + J(R)), |U(R)| = |R| − |J(R)| = p(k+jh)r − p(k+jh−1)r

and |1 + J(R)| = p(k+jh−1)r.

Now, let ε1, ..., εr be elements of R0 with ε1 = 1 so that the set {ε1, ..., εr}
forms a basis of Ro/pRo regarded as a vector space over its prime subfield Fp.

Proposition 4. Let R be a ring constructed in Section 1. Suppose that k ≥ 3

and 1 ≤ j < k, then

U(R) ∼=


Z2n−1 × Z2 × Z2k−2 × Zr−1

2k−1 × Zr2j × · · · × Zr2j︸ ︷︷ ︸
h

if p = 2

Zpr−1 × Zr
pk−1 × Zrpj × · · · × Zrpj︸ ︷︷ ︸

h

if p is odd.
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Proof. The unit group U(R) ∼= Zpr−1 × (1 + J(R)). The structure of U(R) is

completely determined when the structure of 1 + J(R) is known. Since pjui =

0, 1 ≤ j < k, 1 ≤ i ≤ h, it easily follows that 1 +Rou1 ⊕ · · · ⊕Rouh is a subgroup

of 1 + J(R) and (1 + pRo)∩ (1 +Rou1 ⊕ · · · ⊕Rouh) = 〈1〉. Therefore 1 + J(R) is

a direct product of 1 + pRo by 1 +Rou1 ⊕ · · · ⊕Rouh.

Since 1 + pRo is completely determined by Theorem 1, we determine

the structure of 1 + Rou1 ⊕ · · · ⊕ Rouh. For each ν = 1, ..., r, (1 + ενu1)
pj =

1, (1+ενu2)
pj = 1, ..., (1+ενuh)p

j
= 1 and ap

j
= 1 for all a ∈ 1+Rou1⊕· · ·⊕Rouh

since pjui = 0, 1 ≤ j < k, 1 ≤ i ≤ h.

For positive integers βνi ≤ pj(1 ≤ ν ≤ r, 1 ≤ i ≤ h), we assert that the

equation

r∏
ν=1

.
h∏
i=1

{(1 + ενuj)
βνi} = 〈1〉

will imply βνi = pj . Setting Hνi = {(1 + ενui)
βνi |βνi = 1, ..., pj} for all ν = 1, ..., r

and 1 ≤ i ≤ h, we see that all the Hνi are cyclic subgroups of 1+Rou1⊕ ...⊕Rouh
and are all of order pj as indicated in their definition. Therefore the product of

the hr subgroups Hνi is direct and exhausts 1 +Rou1 ⊕ · · · ⊕Rouh.

4 Main Result

The following is the main result proved in this paper.

Theorem 2. Let R be a Galois ring extension as constructed in Section 1. If

R = Ro⊕Rou1⊕ · · · ⊕Rouh, where u1, ..., uh are the generators of the Ro module

U and char R = pk, so that pjui = 0, for prime integer p, 1 ≤ j < k and
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1 ≤ i ≤ h, then

U(R) ∼=



Zpr−1 × Zr
p × · · · × Zr

p︸ ︷︷ ︸
h

if charR = p

Zpr−1 × Zr
p × · · · × Zr

p︸ ︷︷ ︸
h+1

if charR = p2

Z2r−1 × Z2 × Z2k−2 × Zr−1
2k−1 × Zr

2j × · · · × Zr
2j︸ ︷︷ ︸

h

if charR = pk, p = 2, k ≥ 3

Zpr−1 × Zr
pk−1 × Zr

pj × · · · × Zr
pj︸ ︷︷ ︸

h

if charR = pk, p is odd, k ≥ 3

Proof. Follows from Theorem 1, Proposition 3 and Proposition 4.
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