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Abstract

This research formulates an (¢ — 1,4) - dimensional structure of Ml(;l_,,l’i)—vector measure integrable functions

for ¢ = 1,2,..n. Fixed point projection properties of a vector measure are appplied to determine the
measurability of sets in the domain of integrable functions. Measurable sets of the form HZ'AEE@H) are
partitioned into disjoint sets II; Ai_; of finite measure.The obtained results demonstrate utility of concepts
of vector measure duality, continuity from below of a measure and monotonicity of a vector measure in
integrating functions.
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1 Introduction

This paper considers a sequence of monotone functions and integrability concepts of integrable functions with
(i—1,5) . . ..
respect to s, " -vector measure. The utility of concepts such as vector measure duality, continuity from below
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(i-1,9)
o [£1P
the sigma ring p<“1’z) of subsets of an n-dimensional spcace X" where f is an integrable function with respect

to a measure p" % defined on pt—1.

and monotonicity of a vector measure are applied in constructing p -vector measurable sets with respect to

This study involves partitioning of measurable sets into disjoint sets. The research further apllies projection
properties of vector measure duality with values in a Hilbert space.

2 Preliminaries

Definition 1(p -Integrable Function) (Sanchez [9])

(i—1,3) (i—1,4)

Let (X x X, p(i_l’i),u(i_l’“) be a measure space where p is a measure defined on a sigma ring p
of subsets of X x X. Then for IL;Al_; € p® 1% there exists a function f defined on X x X such that
u‘(}‘_pl’l)(HiAﬁ_l) € Z where Z is a Hilbert space and II; A¢_, is the product of A; for i = 1,2,...n. The function
f defined on X x X is said to be p-integrable with respect to p*= %% if

< uf;Tpl’i)(HiAﬁ,l)7z' >< oo

where 2’ is an element in Z’, the dual space of Z.
Definition 2 (Vector Measure)(Otanga [6])
Let (X x X, pt=19 ,G-19) he 5 measure space. If Lp (,u(i_l’i)) is the function space of p-integrable functions

with respect to p0~ 19 M AL, € pli=19 f ¢ Lp(u(i_l’i)) and u(i_l’i)(HizlAﬁ_l) € Z where Z is a Hilbert

[f1P
space, then the set function ,u‘(}l_pl’l) : p(ifl‘i) — Z is called a vector measure.

Definition 3 (Norm of p -Integrable Functions)(Sanchez [9])

The set Lp(,u(i_l’i)) of p-integrable functions with respect to ,u(i_l’i) defines an order continuous Hilbert function
space whose norm is given by

| £ llp=sup(< pfp " (Mt Aly), 2/ >)1WP

where IT;—; A!_; € p(’;l’i), fe Lp(u(ifl‘i)) and 2 € Z'.

Definition 4 (ki+1-Projection Product Measure)(Otanga [5])

Let ugiiﬁl) represent the product measure p;—1 X p; X pi+1 defined on a sigma ring pgiflﬁ) of subsets of an

i + 1-dimensional space for i = 1,2, ..n. For a fixed positive integer k; 1, the set function pi_; wherei=1,2,..n
is called the projection product measure and is denoted by

proji,. (u23™)

Definition 5 (u'~"*) ;»-Measurable Set)(Sanchez [9])

Let (X x X, p<i71’i)7u<i71’i)) be a measure space. If II; A!_; is a measurable set with respect to p(’;l’i), then
/L(Fl‘i)(HZ'ALl) = pi—1(Aiz1) X pi(A;) for i =1,2,..n

If f € Lp(ui_) then for a fixed positive integer ki11, the set II; A%_; is said to be (ui_l’i)\f\p—measurable if
< ;Ll(;p,l’i)(HiAﬁ,lL Z' > is finite for i = 1,2,..n

Definition 6 (ki+1-Projection of a Measurable Set)(Otanga [6])

(i—1,i,i+1)

Let HizlAiiflﬂ) be a measurable set with respect to p Then the kiji-projection IT;—1 A} , of

HizlAEile) is denoted by proj, ., (HizlAEiilJrl)) where k;41 is a fixed positive integer.
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Definition 7 (Monotone p-Integrable Functions)

According to the results in (Otanga [5] and Sanchez [9]), a sequence (fn)nZ; of p-integrable functions is said to
be monotonically increasing if IT;=1 A;_; C II;=1 B;_; for i = 1,2, ...n implies that

< Mf};ﬁéi)(ﬂizlflﬁq)w' SHe < < Mf};‘lzii)(Hﬁle—l)J' >

Similarly a sequence (fn)n=1 of p-integrable functions is said to be monotonically decreasing if

=1 Al | CILi—1 B! , for i = 1,2, ...n implies that

<plp ) (Mimi ALy, 2/ >1V > <l b0 (e By ), 2/ >

3 Main Results

Proposition 1

Let (X x X, p(ifl‘i),,u("*l’i)) be a measure space and (fr)me=1 be a monotonically decreasing sequence of p-
integrable functions with respect to p@ b9, If f, | 0 for each n and ((zi_1,2:) : fi(wi_1,2:) # 0) for

all (x;—1,x;), then < ul(;l_pl’i)((xi,h:ci) : filwici, ) # 0),2 >)1\p is monotonically decreasing to zero for
i=1,2,.m

Proof

Let proj, ., (HizlE‘nEifﬁl)) =1I;_1E,i_1" such that

Wiz1 Bnici’ = (i1, 24) ¢ fr(ziz1, i) > €)

where € > 0 and fr41 < fp for all n. It follows that
Mic1Enio1® C ((mie1,2:) ¢ fi(wio1,2i) #0)

As a consequence of fn(z) ] 0 and ((zi—1,x:) : f1(zi—1, ;) # 0), it follows
that I;—1 Eni—1® | 0 for all n (Lech [2])

Let Hi:lE:71 = ((wi—1,2:) : fi(ic1, i) > falziz1, ).

If (xim1, i) € HizlEffl, then (frn N f1)(@iz1, i) = fa(@ic1, i)
Therefore

((xi—1, ) : fa(miz1, i) #0) C (i1, i) = fi(ziz1,2:) #0)
For each set ((zi—1,2:) : fi(xi—1,x:) # 0), we have

X((zi—1,25): f1(ws_1,25)20) fn = fn fori=1,2,..n

Applying the results on integrable functions (Sanchez [9] and okada [3]) and vector duality functions (Campo
et. al. [1]), we obtain

< “\(;'Tlﬁl’i)((mi—l’xi) D f@ion, @) #0),2 >N =< H\(;Tvm)((ﬂﬂi—hfri) s filwier,m) # 0) N
(HizlEni—li)c,Zl >)1\p
<l ([ia B ), 2 > *)

where (IT;—: Em-,li)c represents the complement of II;—; E,;_1° in the set

((xim1,2:) : fr(@io1, 1) #0)
Given that fn(zi—1,z:) <eon ((xi—1,xi) : fi(zic1,x:) #0)\ HizlEm_li), it follows that
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<pfpp (@i mi: fi@ion,@) #0) N (M Epiea')®, 2 >)1Y
Se<pIN (s, @) fr(@ion, @) # 0) N (him1 Bpi1)°), 2/ >
<Se<pia((@io1, i) fi(zion, @) #0),2" >

Let M = sup (| fon(zi—1,2:) | V(xi—1, ;). Then

< p  (Mizi Bpia®), 2 ) < M < O (Tt By 17), 2/ > for all n
Therefore, equation (*) becomes

< ppe N (@ion,30) - fi(@ioa, @) #0), 2/ >1WP

<e<pT N (@i, @it fi(zicy, @) #0), 2" >

+ M < pC ) (s By 1), 2" >

Since € is arbitrary and < /A(ifl’i)(ﬂizlEm,f), 2z > 0 for each n, it follows that
< uf;ﬁl’i)((m¢,1,xi s fi(wio1, i) #0), 2 >1\p¢ 0fori=1,2,..n
Proposition 2

Let (X x X, p(i_l_’i),u(i_l’i)) be a measure space, f and g be positive p-integrable functions with respect to
,LL(Z_I’”. If H¢:1E;’,1 = (,’.Ei_1,£Ci : g(mi_l,xi) 2 f(:ri_l,xi)), then

I f1e<llgllp
Proof

Let (frn)az1 and (gn)n=1 be monotonically increasing p-integrable functions such that Xr_yai_ 9n T Xm,_yai_ 9

and XH,::lAj_lf" T XHi:lAﬁ_lf for each n and for every measurable set I1,—1 A;_; of finite measure.

Let < u‘(;fl’i)(ﬂizlAﬁ,l),z/ >1\P< M for each n and M > 0.

nl?

If (HizlAﬁ,l) N ((xiz1,2:) : hn(Tiz1,2:) #0)

= (=1 A} 1) N (i1, @) : (fa N gn)(zio1,2i) # 0), then
(=1 A ) N ((ie1, 24) : hn(zi1, i) # 0) is a subset of
(e A1) N ((@im1,@3) ¢ gn(wio1, 1) # 0)

Therefore

< M|<;7'Z|1F7'Z) (Hi:1A271)7 Z/ >1\p§ M

(
(

If (xi—1,2:) € ;=1 E¢_; then

(fNg)(@i-r, i) = f@i1, 2:)

It follows that

;=1 Al N (z € X : hp(x) # 0) is monotonically increasing to
(i Ai_y) O ((zimr,23) = (f N g)(@io1, @) #0)

= (Wi Ai_1) N ((@im, @) = f(zim1,2:) #0)

Therefore

< “I(;l_Pl’i)(HiilAé—l)azl > = LUB < M\(ZL;\léi)(HizlAﬁq),z’ St
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< LUB < u(i_l’i)(HizlAﬁ_l)J' SN~ ,U/‘(;;,Li)(ni:IA::_l),Z, >1e

[gn|P

Taking the supremum on both sides of the inequality, (Sanchez [9]) we obtain
I flle<Ilg
Proposition 3

Let (X x X, p<i71”‘)7u(i71’i)') be a measure space and (frn)sZy be a sequence of positive bounded p-integrable
functions with respect to ™% such that f, 1 f for each n. I ILE!_; = ((ws_1,2:) : f((@i_1,2:)) > €), then

< pl~ BN EL,), 2/ > is bounded.

Proof

Since fn 1 f for each n (by hypothesis), it follows that f = LUBf, and f = (fn)5z1
Let =1 Eni1’ = (i1, i) : fa(zio1, i) > €) such that

< p 3 (B '), 2 > < M for all n and M > 0

It follows that IT;—1Fpni_1° 1= E{_l for each n

Since fn(xi—1,2:) > € for each (zi—1,x;), it follows that

e < p T ([Mimy Epict')), 2 ><< il 3 (Mimi Bnia '), 2 >1V < M

Let (=1 Fni—1%)32, be a sequence of mutually disjoint sets such that

LB = U2 Him1 Frit?

On application of the results in (Rodriguez [8] and Otanga [7]) and by finiteness of a vector measure (Otanga
[4] and Yaogan [10]), we obtain

< pTEIAL B ), 2 >= 300, < p(Ilim1 Frioa'), 2/ >
=LUB, Y7, < p b (imy Fria®), 2 >

= LUB, < p Y (Up_, Wiz Fric1®), 2 >

= LUB, < pt V) (liz1 Eni1'),2 > <M
Proposition 4

Let (X x X, p(ifl‘i),,u("*l’i)) be a measure space, f be a p-integrable function with respect to u“‘*l’i) and
(I;=1Eni—1")5Z1 be a sequence of measurable sets such that

;e1Epici’ = ((xiz1,xs) | f(miz1, i) |> 1\ n) for each n.

If Ii—1Fni_1'is a ,u‘(;l_pl’i) - null set for each n, then

< pl T (i1, 35) < f(2) #0),2/ >=0

Proof

Consider the measurable sets ((zi—1,2;) : f(@i—1,2:) # 0) and Ili=1 Eni—1* = (zi—1,2:) 1| f(zic1,2:) [> 1\ n)
such that ((zi—1,2:) : f(zi—1,2:) #0) = LUBIliz1 Bt

It follows that

Mim1Bnioa’ 1 ((wio1, @) : f(2io1,2:) # 0)

Let Gi, (G, = 0 for ki # ky where ki, ky = 1,2, and ((@i-1,3) : f(wio1,:) # 0) = Uiy Thima Gris!
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By the property of countable additivity of a vector measure (Otanga et. al. [5]), we obtain < p(~5) ((@;_1, x;) :
f(@io1,2i) #0),2" >

=300, <pCTI (L Grioa '), 2 >

= LUB, Y p_, < p ") (ILizy Gria?), 2 >

=LUB, < ,LL(Fl’i)(UZ:1 Mie1Gri1), 2" >

= LUBn < """ (Miz1 Bnia®), 2/ >

(i—1,i
|f1P

1 \ n < M(i_l’i)(HiZIEni—li)J/ > << M(i_l’i)‘ f |p(Hi:1Em—1i),2/ >1\p: 0,
Therefore < p" =19 (z;_1,2;) : f(x) #0),2" >=0

Since 1\ n <| f(x;—1,x;) | on ;—1Enic1 and ;1 Eni_1'is a I ) _ null set for each n (by hypothesis), then

Proposition 5

Let (X x X, p(i_l’i),u(i_l’i)) be a measure space, f be a p-integrable function with respect to p¢~1" and
((wim1,2:) : f(@i-1,2:) #0) be au‘(}‘_,,l’l) - null set, then f = 0 on the complement of set ((zi—1, ;) : f(Ti—1,%:) #
0)

Proof

Let Hi:1G;:_1 = ((SEifhxi) . f(.’l?ifhmi) ;é O)7 Hi:lE;._l = ((aci,_l,x_i) : f(ibz;hxi) > 0 and Hi:lFii_l =
((wi=1,2:) ¢ f(wi=1,2:) < 0) be measurable sets with respect to p(l_l’l). Since ((zi—1,x:) : f(wi=1,2:) # 0)

is a ,ul(;l_pl’i) - null set (by hypothesis), then < u‘(;Tpl’i)(Hi:le_l),z’ >U\P— 0. Since f(z) > 0 for each
(xi—1,2;) € ;=1 El_q, then < u‘(;ﬁl’“(ﬂi:lEﬁl),z’ >1\P— ) and fzi—1,2;) <0 for each (zi—1,2;) € =1 FY_,

implies that < u‘(j‘,‘;l’i)(ﬂi:lFf,l), 2 >N\r—q,

It follows that

Tio1Giy = ((xim1,2:) 2 f@im1, @) > 0) U (i1, 24) @ fxio1,2:) <0)is a ul(;‘_pl’i) - null set

Therefore

f =0 on the complement of Tl;—1Gi_; = ((zi—1,2:) : f(wi—1,7:) # 0)

Corollary 1

Let (fn)n=1 be a sequence of monotonically increasing p-integrable functions such that < ,u‘(;z‘lp’i) (=1 Ei_y), 2/ >1\p
is bounded for each n. Let [T;—1 En;—1° be m_onotonically increasing toI1;— Ef,l where ,u(ifl’i) (=1 Em',li) < 00
for all n and ILi=1 B} = Npy iz Eni—1®. I Iiz1 Enie1® = (i1, @) ¢ fu(xic1, @) > M) for M > 0, then
L By isa < p=19(), 2" > p - null set

Proof

(i—1,9)
[fnlP

From the hypothesis, M < fn(x;-1,2;) on IIi—1Eni—1’. Therefore,

(L= Ei_4), 2" >"\? is bounded for each n, then < ,u(i_l’i)(Hi:lEf_l),z’ >N\ < 8 for 8> 0.

Since < P

i—1,i i i1, i
M < ,u( L )(Hi:IEni—l ),z > << ,u“(fn|}7 )(Hi:IEM—l ), 2’ >
Since ;=1 Eni_1’ is monotonically increasing to IT;—; Ef_l, it follows that
i1 Eni1 ' T I EY (Otanga and Oduor [6])

Therefore,

M < p ) [z Bnioi1?), 2 > < < u‘(;ﬂ};“(ni:lEm_li),z’ >\ < B for B> 0.
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LUB < M(iil’w(ni:lEni,li),Z/ >=< M<i71’i)(Hi:1Ef_1)7Z/ >.
Subsequently,

< M<i71’i)(Hi:1Eni71i)7Z, >< B

From ILi—1 B} ; = N2 =1 Eni—1’, we have Ili1 By’ | ILim1 B} .
This implies that HizlEf,l CIH;=1Eni_1® fori = 1,2,..n

Hence,

< plT (s By, 2/ > < B\ M

Taking M — oo, we obtain

< pTPIIL E), 2 >=0

4 Conclusion

The results obtained in this paper demonstrate utility of concepts of vector measure duality, continuity from
below of a measure and monotonicity of a vector measure in integrating functions in Lp(;L(“l’l)) for0 < p< oo
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