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Abstract
Let 7 be a positive integer and 2<k eZ. Let GR(p",p*) be a Galois ring of order p" and
characteristic p*. Consider, R=GR(p",p")®U where U is a finitely generated GR(p", p*)

module. If Z(R) is the set of zero divisors in R satisfying the condition (Z(R))* < GR(p",p")

then it is well known that R is a completely primary finite ring and the structure of its group of units
has been studied before. In this paper, we study the structure of its zero divisors via the zero divisor
graphs.
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1. Introduction

The set of the nonzero zero divisors in R is denoted by Z(R)*. Also I'(R) denotes the graph of
the nonzero zero divisors in which two vertices u,v are adjacent iff uv =0. We shall also explore some

cases of the graph I',(R) whose vertices are equivalent classes of zero divisors. Two zero divisors, u
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and v in R are said to be equivalent if the annihilators, Ann,(u)= Ann,(v) and two distinct classes

u and v in I',(R) are adjacentiff uv=0 in R.For more information on I'(R) and I',(R), the

reader may refer to [1, 2, 3, 5]. It is believed that these graphs provide a better description of the structures

of the zero divisors.
2. Rings in which (Z(R))’ < GR(p", p*)
2.1. The Construction

Let » be a positive integer and 2<keZ. Let R =GR(p",p") be a Galois ring. For each
i=1--,h,let u, € Z(R) suchthat U is an h— dimensional R module so that R=R ®U is an
additive Abelian group. On R define multiplication as follows; For r,s € R',al.,a)i, /11.]. eR/ pR'

and o, € Aut(R) , let (r' +Zf=1aiuij(S' + Zf.’zla)l.ui) =rs + pk’IZﬁFl

;e (@) + pR |+
! {(r' +pR)w +a,(s + pR)” }ui :

This multiplication turns R into a ring with identity (1,0,0,---,0).

Lemma 2.1. Let R be aring in which (Z(R))* < GR(p", p"). Then, R is commutative if and
only if o, = idR, , (the identity automorphism) for every i=1,---,h.

Proposition 2.2. Let R be a ring constructed above. Then, it is a completely primary finite ring of

characteristic pk satisfying:
(). Z(R)=pR ®U
. k-1 L
(ii). (Z(R)) =p"'R

e k
Gii). (Z(R)) =(0)
In the sequel, we provide results on the graphical properties of the zero divisors of the commutative

rings constructed in Section 2.1.



526 On the Zero Divisor Graphs of Finite Rings in Which the Product of Any Two Zero Divisors
Lies in the Coefficient Subring

2.2. Graphs of Nonzero Zero Divisors

Denoted by I'(R), in this graph, the nonzero zero divisors are considered vertices and two vertices

u,v are adjacent iff uv =0. These graphs were introduced by Anderson and Livingston in [2].
2.3. Results

Proposition 2.3. Let R be a commutative ring constructed above. Then, the graph of R, F(R)

satisfies the following:
(1) F(R) — p(h+k71)r _1
(ii). diam(r(R)) 5

o, r=Lh=1Lp=2.

(iii). gr(F(R)):{

3, elsewhere

@ .
(iv). The binding number, b(F(R)) = ﬁ if k>3 and even
P ~1+h rip "

koty,

—2 - if k>3 and odd

(k=1+h)r _p< 5

Proof.

(). Clearly Z(R) = pR' @U. Since Z(R) is a maximal ideal of R, the quotient R/Z(R) is
a field of order p" . Now consider 0#a ER/Z(R) , then (R/Z(R))* =<a> and
o(a) = p" —1. This shows that each element which does not belong to Z (R) has an inverse.
Thus Z(R)=p"™*™" and Z(R) =p""* " -1.

(i1). The annihilator, Ann(Z(R))zpkflR'. Now , let xeZ(R)" but x¢& p“ 'R, then there
exists yeZ(R)" such that xye pR . But xyz=0, where z¢€ Ann(Z(R)) =pR". So

diam (F(R)) =2.
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(iii). If =1, p=2,h=1, then Z(R)* ={(0,1),(2,0),(2,1)}. In this case F(R) is a claw graph,
since (2,0) is adjacent to the other two vertices while (0,1) and (2,1) are non adjacent.
Elsewhere, (Ann(Z(R)))* =p =2

Now, let x,ye(Ann(Z(R)))*, then x and y are adjacent. Moreover, any z eZ(R)* is
adjacentto x and y . This completes the proof.

(iv). We consider the three cases separately.

Case I: k=2 . Consider N(S)= Ann(Z(R))* =pR ' \{0}. So N(S)=p —1. Now,

S=V(T(R))IN(S), sothat = p™ —1-(p"~1). Thus b(T(R))="¢ =

P

Case II: k>3 and even. Let X,={X_aA},1<i<r,a e {O,j[pgj},l <j<p?-1, then
define V. =X,1{0} and V =Z(R) \UZ_ Vsas- From the definition of V),

NOY=U Vs, - So INODEPT -1 Ao, [KIHZR) N HZR) |-

;

NI

£y - r Eyp . . .
]Ui VZM = ptthr —1—(p(2) —1)=p*th —p(z) . Using the ratio, —j-=, we obtain the

binding number.

Case III: k>3 and odd. Let X, ={Z/ai}1<i<ra, G{O,(j—l)p%},ZSjSp%. Then
define ¥, =X, \{0LV, =Z(R)" \Ui Vs s - From the definition of ¥, N(V})= U,- Vs

so that  [N({)=p =1 Ao, [KEHZR) -NODHZR) |-IU Vs =

NI
il s

A (p(%)r —1)=phr p(%)r. The result follows from the ratio

Proposition 2.4. Let R be a ring constructed in Section 2. If /=1, then

(5)

F(R) _)r " — partite if kis even
P Z partite if k is odd

Proof. Consider A,---,A € R with A, =1 such that A,---,A €R /pR form a basis for

R/ pR" regarded as a vector space over its prime subfield [F,. Since the two cases do not overlap, we
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treat them in turn.

Case I: k is an even integer.

Let X, ={Z_aA},1<i<r,q e {O,j[p%]},l <j< pé —1, then Z(R)" is partitioned into the
following subsets;

Vows, = X, 0LV = Z(R) 1, Vs and Z(RY =V U Vs |-
The subsets are nonempty, mutually disjoint and contain nonadjacent vertices. Moreover,
U,- Vear = p(%)r —1 so that F(R) is p(g)r partite.

Case II: k is an odd integer.

Let X, ={ZlaA},1<i<r,a e {0,(]'—1)]7%},2 <j< pT,Z(R)* is partitioned into the
following mutually disjoint subsets;

VZ;a;ﬂ[ = Xi \ {0}’ Vl = Z(R)* \Ul sz“ﬂi
The subsets are nonempty and each contains nonadjacent vertices. In addition, Ui Vs , =P

sothat T'(R) is p(%)r partite.
Consequently, we obtain the following.
Proposition 2.5. Let R be a ring considered in Proposition 2.4. Then the clique number of I'(R)
is given by
P Y ks even;
or®y=4" "
p° k is odd.
Proof. The clique number coincides with the number of partite subsets since each subset of vertices

has at least a vertex which is adjacent to another vertex in a distinct subset.

Proposition 2.6.If =1, k>3, aec(R)" and u, €U then,

_ ph =2, if x € Ann(Z(R))’;
() deg(x)=4" ., :
p -1, ifxeAnn(Z(R))®<u, >.

I+h .
.. p -1 if 2l <k;
i) deg(p'a)=
(i) deg(p'a) {pl+h—2, if 21 > k.
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p =1, if 20 <k;

iii) deg(p'a+u,)=
(iii) deg(p'a+u) {pnhl_z, if 20> k.

Proof.
(i) Since Z(R)= pGR(p*,p*)®U , it follows that each vertex in Ann(Z(R))" is adjacent to

#1+h " elements which implies that the number

every other vertex in Z(R) except 0. Now, Z(R) has p
of edges incidentto x are | Z(R)|—2. Now, let
xe€ Ann(Z(R))® <u, >.
Then, x is adjacent to every other vertex in Z(R) except 0 and the case where u, =u ;- Since
ZR)=p* P,

k—=2+h

the exclusion of the vertices leaves p vertices incident to x.

(ii) The g.cd (a, pk) =1. So, the vertices adjacent to pla in the graph T'(R) are not distinct
from the vertices adjacent o p[. So, it suffices to find the vertices to find the vertices adjacent to pl .
Now, the coefficient vertices adjacent to pl may be arranged in the sequence

k-1

pk_[,Zpk_l,...,pk_[ +(n-1p

where 7 is the number of adjacent vertices. Since these vertices are adjoined to U and

k k-1

p(m-DpT = pt - p*,
then n=p"™" —1 if p'>p' or k>2I
Next, if p' > p“" or 2/ >k, then
p =p"" (")

which is adjacent to itself. Considering the fact that the coefficient vertices are adjoined to U , then

deg(p')=p"" 2.
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(iii) The argument is similar to (ii), except that in this case u, # 0, so that the only vertices in I'(R)
which are adjacent to pla+ui are obtained when u, #u . Therefore, only p"" vertices of U are

considered. Since the coefficient vertices adjacent to p'cr +u, are p' —2; the result easily follows.

In the section, we investigate the graphs determined by the equivalence classes.

2.4. Zero Divisor Graphs Determined by the Equivalence Classes (I',.(R))

These graphs were introduced by S.B Mulay [4]. Two nonzero zero divisors x and y inaring R
are said to be equivalent if the annihilators, Ann,(x)= Ann,(y). The equivalence class of x is
denoted by [x]. The graph determined by the equivalence classes is denoted by I',(R) and

V(I ,(R))={[x]|xe Z(R)"}. Two distinct classes x and y in I',(R) are adjacent iff xy =0 in

R . In this section, we present some results on the zero divisor graphs determined by the equivalence

classes in the ring R given by the construction.
2.5. Results
Proposition 2.7. Let R be a commutative ring given by the construction. Then

k P
—  partite if k is even;

L'y (R) =
% partite if & is odd.

Proof.

CaseI: k iseven: We partition I'.(R) into the following subsets
ek
Vi ={(Z(R)) |131S5},
V.={(Z(R))’ ko k-1
; ={(Z(R)) }>5<J< -

Foreach j, V)NV, =& and V, are mutually disjoint. Moreover,

nUUW =T (R)}:
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Upon counting the disjoint subsets, we obtain the results.
CaseIl: k isodd: T' (R) is partitioned into the following subsets

k-1

V=R 1210, = (2R < <k

Foreach j, V NV, = & and V, are mutually disjoint. Moreover,
nUU W =T (R
J

Upon counting the disjoint subsets, we obtain the result.
As a consequence of the Proposition, we obtain the following result.

Corollary 1. Let I'.(R), be the graph determined by the equivalence classes of the zero divisors of

a commutative ring given by the construction in Section 2.1. Then, the clique number of the graph is given

by

E if k is even;

I'.(R)=
@ ﬂ if k is odd
5 .

Proposition 2.8. Let R be a ring given by the construction. Then
0, k=2;
(i) diam(I' ;(R))4 1, k=3;

2, elsewhere.

) o, k=23
(i) gr(I'z(R))= { 3, k>3
0, k=2;
L k= %
(iii) gr(I'z(R)) = k4 k>4 and even,
ks k>4 and odd.

=~

1

Proof.

(i) If k=2, then I',(R) has a single vertex. If k=3, then I',(R) is a straight edge

[Z(R)]-[(Z(R))’]. Now, for k>3, [(Z(R))"'] is adjacent to every other vertex in ' ,(R).
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But I',(R) is not complete because, for 0<i <% where k isevenand 0<i<%!, when k

is 0dd, there exists j>i>0 sothat [(Z(R))'I[(Z(R))*"/]1=[(Z(R))* " /]=0.
(i) For k=2 or k=3 , the result follows from (i). Elsewhere,

[(Z(R)-[(Z(R)1-L(Z(R))"'1-[(Z(R))*'] is a cycle, for 0<i<X where k is even
and 0<i<% when k is odd. It is important to note that there exists no n—gon , n>3
because [(Z(R))"™'] is adjacent to every other vertex in I',(R)

(iii) If k=2, then S=Z(R) and N(S)=9. So, |S|=1 and | N(S)|=0. If k=3, then

|N(S)|=1.Now, let k>3.When k iseven |V,|=4 while |N(V])|=4%. When k is odd,

then |V, |5t while | N(V})|=%5>. Using the ratio ‘N“(,:/“ ! for the binding number, we obtain the

result.

Proposition 2.9. Let x eI (R),then deg(x)=1 when k=2 or 3 andfor k>4

i-1,x=[(Z(R))'],i> % k is even;

i,x=[(Z(R))'],i< % k is even;
deg(x) = k1
i~Lx=[(Z(RY)iz~  kis odd

i,x =[(Z(R))'],i < % k is odd.

Proof. Let k=2 or 3, then ['.(R) is a straight edge [Z(R)]-[(Z(R))’]. Now, suppose
k>4. If k is even and i <%, then, every [(Z(R))'] in T',(R) is adjacent to some [(Z(R))"/],
1< j<i,sothe degree deg([(Z(R))'])=i.If k isoddand i<, we obtain a similar result.

Now, let k be even and i>%, then each [(Z(R))'] is adjacent to some [(Z(R))'],

k—i<j<k-1.1If i#j, then deg([(Z(R))i]):i—l. The case when k& is odd and iZ% is

proved in a similar manner.
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3. Conclusion

In this paper, we investigated the structures of the zero divisor graphs of the rings described by the

Construction in Section 2. There are quite a great deal of gaps to be filled in future research. It is

noteworthy, that some results have been provided only for specific cases. Further research should dwell on

generalizations of the graphical properties of the zero divisors of the constructed rings.
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