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Abstract

Let R be a commutative completely primary finite ring. The struc-
tures of the groups of units for certain classes of R have been determined.
It is well known that completely primary finite rings play a crucial role
in the endeavors towards the classification of finite rings. Let G be an
arbitrary finite group. The classification of all finite rings Ri so that
U(Ri) ∼= G is still an open problem. In this paper, we consider S ⊂ R to
be a saturated multiplicative subset of R and construct a total quotient
ring RS whose group of units is characterized, when char RS = pk, k ≥ 3.
It is observed that U(R) ∼= U(RS), since R ∼= RS . The cases when char
RS = pk, k = 1, 2 have been studied in a related work.
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1 Introduction

Let R be a commutative completely primary finite ring with identity 1. A sub-
set S ⊂ R is multiplicative if 1 ∈ S, 0 /∈ S and xy ∈ S if x, y ∈ S. Moreover,
S is saturated if y /∈ S implies x /∈ S and y . x. The set of equivalence classes
R × S under the equivalence relation (r, s) ∼ (r′, s′) if and only if there ex-
ists v ∈ S such that v(rs′ − r′s) = 0 shall be denoted by RS or S−1R. The
equivalence class of (r, s) is denoted by

[
r
s

]
. Using addition and multiplication

of quotients, it is easily verified that S−1R =
{[

r
s

]
| r ∈ R, s ∈ S

}
is a com-

mutative ring with identity
[

1
1

]
. We may also regard S−1R as an R−algebra

with the structure morphism f : R → S−1R defined by r 7→
[
r
s

]
verifiable

as a ring homomorphism. The R−algebra structure on S−1R is defined by
r ·
[
r′

s

]
=
[
rr′

s

]
.

Let R be a commutative ring with identity 1 and S ⊂ R be a saturated mul-
tiplicative subset ofR consisting of all the units, thenRS =

{[
r
s

]
| r ∈ R, s ∈ S

}
endowed with usual addition and multiplication of fractions is a total quotient
ring.

Throughout this paper, unless stated otherwise, RS = S−1R denotes the
total quotient ring, U(RS) denotes the unit groups of the total quotient rings
RS, J(RS) is the Jacobson radical of RS, GF (pr) = RS/J(RS). The remaining
notations are standard and can be obtained from the references e.g. [2] and [8].

The characterization of finite rings into well known structures is not com-
plete. In particular, Ayoub[1] has studied the properties of finite primary rings
and their groups of units, Chikunji [2, 3] has demonstrated an in depth study
on the structure theory of completely primary finite rings. He has given the
structures of the unit groups of certain classes of the said finite rings and a
review of some other properties of the rings. Owino[7] has studied the units of
commutative finite rings with zero divisors satisfying the idempotent property.
It can be established from these findings that these unit groups are expressible
as direct product of a cyclic group Zpr−1 and the abelian p−group 1 + J(R) of
order p(k−1)r where k, r are positive integers.

This paper therefore seeks to characterize U(RS) when char pk, k ≥ 3.

2 The Construction of the total quotient ring

of characteristic pk with k ≥ 3

Let R = R′ ⊕ U be an additive abelian group with identity, where R′ =
GR(pkr, pk) is a Galois ring of order pkr and characteristic pk and U be a
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h−dimensional R′−module. On this group, define multiplication by the fol-
lowing relation:

(i) When k = 1, 2 pui = uiuj = ujui = 0, uir
′ = (r′)σiui

(ii) When k ≥ 3, then pk−1ui = p2γij = uk−1
i uj = 0 for some γi,j ∈ R

′
: i 6= j

where r′ ∈ R′ , 1 ≤ i, j ≤ h, p is a prime integer, k and r are positive integers
and σi is the automorphism associated with ui. Further, let the generators {ui}
for U satisfy the additional condition that, if ui ∈ U, then, pui = uiuj = 0.

From the given multiplication in R, we see that if r′ +
∑h

i=1 λiui and t′ +∑h
i=1 γiui, r

′, t′ ∈ R′, λi, γi ∈ F ′ are elements of R, then,

(r′ +
h∑
i=1

λiui)(t
′ +

h∑
i=1

γiui) = r′t′ +
h∑
i=1

{(r′ + pR′)γi + λi(t
′ + pR′)σi}ui

It has been verified that the given multiplication turns the additive abelian
group R, into a commutative ring with identity (1, 0, ..., 0) or just 1 if and only
if σi is the identity on R′ (cf. see [6, 8]). Let J(R) be its Jacobson radical
and S = U(R) be a multiplicatively closed subset of R. The localization of
R with respect to S yields a total quotient ring RS such that every element

[(r, s)] ∈ RS is of the form
[
(r
′
+
∑h

i=1 λiui, α + pr
′
+
∑h

i=1 λiui)
]

where λi ∈
F′p, pr

′
+
∑h

i=1 λiui ∈ J(R) and α ∈ S. Let [(r1, s1)], [(r2, s2)] ∈ RS. Define
multiplication on RS as follows:

[(r1, s1)][(r2, s2)] = [(r1r2, s1s2)] (∗)

with the usual addition of fractions on RS, the multiplication defined by (∗)
turns RS into a finite local ring with identity.

For any prime integer p and positive integers k, h and r the construction
yields a total quotient ring in which (J(RS))k−1 6= [(0, 1)] and (J(RS))k =
[(0, 1)]. These rings are completely primary and therefore we can employ well
known procedures to study their unit groups.

3 Preliminary Results

The following Theorems, Lemmata and Proposition shall be used in the sequel

Theorem 1. (cf. [2]) Let G be a cyclic finite group such that | G |= n,
then G ∼= Zn.

Theorem 2. (cf. [5]) Let R be a finite ring. Then every left unit is a
right unit and every left zero divisor is a right zero divisor. Furthermore, every
element of R is either a zero divisor or a unit.
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Theorem 3. (Property of localization of Completely primary rings) The
only maximal ideals of S−1R are S−1J(R) where J(R) is a maximal ideal of
R such that J(R) ∩ S = φ

Lemma 1. (cf. [8]) Let RS be a total quotient ring of the construction

in section 2, then U(RS) is cyclic if and only if
[

(1,0,...,0)
(1,0,...,0)

]
+ J(RS) is cyclic.

Moreover

U(RS) =< ξ > ×
[

(1,0,...,0)
(1,0,...,0)

]
+ J(RS)

a direct product of the p−group
[

(1,0,...,0)
(1,0,...,0)

]
+ J(RS) by the cyclic subgroup

< ξ > of order pr − 1.

Lemma 2. (cf. [8]) Let ann(J(RS)) be the two sided annihilator of J(RS)

then
[

(1,0,...,0)
(1,0,...,0)

]
+ ann(J(RS)) is a subgroup of

[
(1,0,...,0)
(1,0,...,0)

]
+ J(RS)

Theorem 4. Let R be a commutative ring with identity 1. Suppose
S ⊆ R is a multiplicative, then there exists a prime and maximal ideal P with
respect to inclusion among all the ideals in the complement of S in R.

Theorem 5. Let R be a commutative ring with identity 1. Then the
following are equivalent:

i. S is saturated

ii. R− S = ∪i∈ΛPi where {Pi} = Spec(R) such that Pi ∩ S = φ

Theorem 6. (Universal property of the Quotient Ring) The canonical
homomorphism f : R → S−1R defined by f(r) =

[
r
s

]
is an R−algebra homo-

morphism, so that f satisfies the following axioms

i. f is a ring homomorphism and f(s) ⊆ U(S−1R).

ii. If θ : R → R′ is a ring homomorphism with θ(S) ⊆ U(R′), then there
exists a unique homomorphism ψ : S−1R→ R′ such that ψ · f = θ.

Theorem 7. Let S be a multiplicative set of a unital commutative ring
R. Then

i. Proper ideals of the ring S−1R are of the form IS−1R = S−1I =
{
i
s
| i ∈ I, s ∈ S

}
with I ∈ R an ideal and I ∩ S = φ.

ii. Prime ideals in S−1R are of the form S−1P where P is prime in R and
P ∩ S = φ.
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Theorem 8. Let R be a commutative ring with identity and S ⊆ R a
multiplicative subset, I is an ideal of R and S = Im(S), the natural image of
S in R/I, then S−1R/S−1I ∼= S−1 (R/I) as an R−algebra.

Remark 1. In order to completely classify the group of units of the rings con-

structed, we determine the structure of
[

(1,0,...,0)
(1,0,...,0)

]
+ J(RS). Since U(RS) is

abelian
[

(1,0,...,0)
(1,0,...,0)

]
+J(RS) is a normal subgroup of U(RS). Particularly, Let RS

be the total quotient ring of the construction section 2, then
[

(1,0,...,0)
(1,0,...,0)

]
+J(RS)

is an abelian p−subgroup of the unit group U(RS). For brevity we shall in the

sequel denote the identity
[

(1,0,...,0)
(1,0,...,0)

]
as
[

1
1

]
.

4 Main results

Proposition 1. (cf. [7]) Let RS be the total quotient ring constructed above
and J(RS) be it is Jacobson radical, then

(i) J(RS) =
{[

(pr
′
+
∑h

i=1 λiui, α + pr
′
+
∑h

i=1 λiui)
]
| r′ ∈ R′, λi ∈ Zp, ui ∈ R,α ∈ U(R)

}
(ii) (J(RS))k−1 =

{[
(pk−1r

′
, α + pk−1r

′
)
]
| r′ ∈ R′, α ∈ U(R)

}
and

(iii) (J(RS))k = [(0, 1)]

Let RS be the total quotient ring of the construction in Section 2 with
maximal ideal J(RS) such that (J(RS))k−1 6= [(0, 1)] and (J(RS))k = [(0, 1)].
Then RS is of order p(k+h)r. Since RS is of the given order and U(RS) =
RS − J(RS), then |U(RS)| = p(k−1)r+rh(pr − 1) and |1

1
+ J(RS)| = p(k−1)r+rh.

So 1
1

+ J(RS) is an abelian p-group.

Proposition 2. Let RS be a local ring of characteristic pk with k ≥ 3. Then
the group of units U(RS) of RS contains a cyclic subgroup < ξ > of order
pr − 1 and U(RS) is a semi direct product of

[
1
1

]
+ J(RS) by < ξ >.

In order to completely classify the groups of units of the total quotient ring,
we determine the structure of

[
1
1

]
+ J(RS).

We now give the generalization as follows;

Proposition 3. The structure of the unit group U(RS) of the total quotient
ring constructed in section 2 with characteristic pk, k ≥ 3, r ≥ 1 and h ≥ 1 is
as follows:[

1

1

]
+ J(RS) ∼=

{
Z2 × Z2k−2 × Zr−1

2k−1 × (Zr2)h if p = 2;
Zr
pk−1 × (Zrp)h if p 6= 2.
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and

U(RS) ∼=
{

Z2r−1 × Z2 × Z2k−2 × Zr−1
2k−1 × (Zr2)h if p = 2;

Zpr−1 × Zr
pk−1 × (Zrp)h if p 6= 2.

Proof. Let λ1, . . . , λr ∈ R′ with λ1 = 1 such that λ1, . . . , λr ∈ R′/pR′ form
a basis for R′/pR′ regarded as a vector space over its prime subfield Fp. Let
s1, . . . , sh ∈ S = U(R). Now

U(RS) = U (RS/J(RS)) ·
([

1

1

]
+ J(RS)

)
∼= Zpr−1 ×

([
1

1

]
+ J(RS)

)
.

Since the two cases do not overlap, we consider them separately:
Let p = 2
The structures of

[
1
1

]
+ J(RS). are obtained as follows;

Suppose l = 1, . . . , r, 1 ≤ i ≤ h and let ψ ∈ R′ such that x2 + x + ψ = 0
over R′/pR′ has no solution in the field R′/pR′ and ψ ∈ R′/pR′, we obtain the
following results: ([

1

1
+

2k−1λ1

s

])2

=

[
1

1

]
,

([
1

1
+

4ψ

s

])2k−2

=

[
1

1

]
.

Also ([
1

1
+

2λl
s

])2k−1

=

[
1

1

]
for l = 2, . . . , r,([

1

1
+
λlu1

s

])2

=

[
1

1

]
,

([
1

1
+
λlu2

s

])2

=

[
1

1

]
, . . . ,

([
1

1
+
λluh
s

])2

=

[
1

1

]
for every l = 1, . . . , r. Now, consider positive integers α, β, κl, τ1l, . . . , τhl with
α ≤ 2, β ≤ 2k−2, κl ≤ 2k−1, τil ≤ p(1 ≤ i ≤ h, 1 ≤ l ≤ r), we notice that the
equation([

1

1
+

2k−1λ1

s

])α
·
([

1

1
+

4ψ

s

])β
·

r∏
l=2

{([
1

1
+

2λl
s

])κl}
·

r∏
l=1

{([
1

1
+
λlu1

s

])τ1l}
·

r∏
l=1

{([
1

1
+
λlu2

s

])τ2l}
·

· · ·
r∏
l=1

{([
1

1
+
λluh
s

])τhl}
=

{[
1

1

]}
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will imply α = 2, β = 2k−2, κl ≤ 2k−1 for l = 2, . . . , r and τil = 2 for every
l = 1, . . . , r and 1 ≤ i ≤ h.
If we set

H =

{([
1

1
+

2k−1λ1

s

])α
| α = 1, 2

}

G =

{([
1

1
+

4ψ

s

])α
| β = 1, . . . , 2k−2

}

Tl =

{([
1

1
+

2λl
s

])κ
| κ = 1, . . . , 2k−1

}
; l = 2, . . . , r

S1l =

{([
1

1
+
λlu1

s

])τ1
| τ1 = 1, 2

}

S2l =

{([
1

1
+
λlu2

s

])τ2
| τ2 = 1, 2

}
...

Shl =

{([
1

1
+
λluh
s

])τh
| τh = 1, 2

}
;

it is easily noticed that H,G, Tl, S1l, S2l, . . . , Shl are cyclic subgroups of the
group 1

1
+J(RS) and they are of the orders indicated in their definition. Since,

|<
[

1

1
+

2k−1λ1

s

]
>| · |<

[
1

1
+

4ψ

s

]
>| ·

r∏
l=2

| · <
[

1

1
+

2λl
s

]
>|

·
r∏
l=1

| · <
[

1

1
+
λlu1

s

]
>| ·

r∏
l=1

|<
[

1

1
+
λlu2

s

]
>| · . . .

·
r∏
l=1

|<
[

1

1
+
λluh
s

]
>|= p(h+k−1)r,

the intersection of any pair of the cyclic subgroups yields the identity group[
1
1

]
, and the product of the h+ 3 subgroups H,G, Tl, S1l, S2l, . . . , Shl is direct

and exhausts the group 1
1

+ J(RS).

Let p 6= 2
For l = 1, . . . , r,([

1

1
+ pλl

])pk−1

=

[
1

1

]
,

([
1

1
+
λ1u1

s

])p
=

[
1

1

]
, . . . ,

([
1

1
+
λhuh
s

])p
=

[
1

1

]
.
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For positive integers αl, β1l, . . . , βhl with αl ≤ pk−1, βil ≤ p(1 ≤ i ≤ h), we
notice that the equation

r∏
l=1

{([
1

1
+ pλl

])αl
}
·

r∏
l=1

{([
1

1
+
λ1u1

s

])β1l}
·

· · · ·
r∏
l=1

{([
1

1
+
λhuh
s

])βhl}
=

{[
1

1

]}
will imply αl = pk−1, βil = p(1 ≤ i ≤ h, l = 1, . . . , r). If we set

Tl =

{([
1

1
+ pλl

])α
| α = 1, . . . , pk−1

}

S1l =

{([
1

1
+
λ1u1

s

])α
| α = 1, . . . , pk−1

}
...

Shl =

{([
1

1
+
λhuh
s

])α
| α = 1, . . . , pk−1

}
We see that Tl, S1l, . . . , Shl are all cyclic subgroups of

[
1
1

]
+J(RS) and they

are of the orders indicated by their definitions. Since

r∏
l=1

|<
[

1

1
+ pλl

]
>| ·

r∏
l=1

|<
[

1

1
+
λ1u1

s

]
>| · · · ··

r∏
l=1

|<
[

1

1
+
λhuh
s

]
>|= p(h+k−1)r

and the intersection of any pair of the cyclic subgroups gives the identity group,
the product of the (h+ 1)r subgroups Tl, S1l, . . . , Shl is direct and the product
exhausts the group

[
1
1

]
+ J(RS).
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