ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/316465841

On the unit groups of a class of total quotient rings of characteristic pAk with k
\geq3

Article - January 2017

DOI: 10.12988/ija.2017.6750

CITATIONS READS
0 281

4 authors, including:

Aldrin Wanambisi Maurice Owino Oduor
\ Masinde Muliro University of Science and Technology University of Kabianga
5 PUBLICATIONS 0 CITATIONS 35 PUBLICATIONS 67 CITATIONS
SEE PROFILE SEE PROFILE

Michael Onyango Ojiema
Masinde Muliro University of Science and Technology
25 PUBLICATIONS 48 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

roect  On Complete total quotient rings View project

ot Automorphisms of the Unit groups of Some Classes of finite Rings View project

All content following this page was uploaded by Maurice Owino Oduor on 11 May 2017.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/316465841_On_the_unit_groups_of_a_class_of_total_quotient_rings_of_characteristic_pk_with_k_geq_3?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/316465841_On_the_unit_groups_of_a_class_of_total_quotient_rings_of_characteristic_pk_with_k_geq_3?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/On-Complete-total-quotient-rings?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Automorphisms-of-the-Unit-groups-of-Some-Classes-of-finite-Rings?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aldrin-Wanambisi?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aldrin-Wanambisi?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Masinde-Muliro-University-of-Science-and-Technology?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aldrin-Wanambisi?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Maurice-Oduor?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Maurice-Oduor?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University_of_Kabianga?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Maurice-Oduor?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Michael-Ojiema-2?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Michael-Ojiema-2?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Masinde-Muliro-University-of-Science-and-Technology?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Michael-Ojiema-2?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Maurice-Oduor?enrichId=rgreq-09ca7612b6ad524822f91a45a8b5e495-XXX&enrichSource=Y292ZXJQYWdlOzMxNjQ2NTg0MTtBUzo0OTI4NjI4OTU2MDc4MDhAMTQ5NDUxOTA3OTExNg%3D%3D&el=1_x_10&_esc=publicationCoverPdf

International Journal of Algebra, Vol. 11, 2017, no. 3, 127 - 135
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988/ija.2017.6750

On the Unit Groups of a Class of Total
Quotient Rings of Characteristic p* with k& > 3

Wanambisi A. Wekesa!, Owino M. Oduor?, S. Aywa?
and Ojiema M. Onyango*

L4 Department of Mathematics
Masinde Muliro University of Science and Technology
P.O. Box 190-50100, Kakamega, Kenya

2 Department of Mathematics and Computer Science
University of Kabianga
P.O. Box 2030-20200, Kericho, Kenya

3 Department of Mathematics
Kibabii University
P.O. Box 1536-50200, Bungoma, Kenya

Copyright © 2017 Wanambisi A. Wekesa et al. This article is distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

Abstract

Let R be a commutative completely primary finite ring. The struc-
tures of the groups of units for certain classes of R have been determined.
It is well known that completely primary finite rings play a crucial role
in the endeavors towards the classification of finite rings. Let G be an
arbitrary finite group. The classification of all finite rings R; so that
U(R;) = G is still an open problem. In this paper, we consider S C R to
be a saturated multiplicative subset of R and construct a total quotient
ring Rg whose group of units is characterized, when char Rg = p*, k > 3.
It is observed that U(R) = U(Rg), since R = Rg. The cases when char
Rg = p*, k = 1,2 have been studied in a related work.
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1 Introduction

Let R be a commutative completely primary finite ring with identity 1. A sub-
set S C R is multiplicative if 1 € S;0 ¢ S and zy € S if x,y € S. Moreover,
S is saturated if y ¢ S implies = ¢ S and y r x. The set of equivalence classes
R x S under the equivalence relation (r,s) ~ (r',s') if and only if there ex-
ists v € S such that v(rs’ — r’s) = 0 shall be denoted by Rg or S~!R. The
equivalence class of (r, s) is denoted by [E] . Using addition and multiplication
of quotients, it is easily verified that S™'R = {[ﬂ |m€ R, s € S} is a com-
mutative ring with identity H] . We may also regard S™!R as an R—algebra
with the structure morphism f : R — S™'R defined by r [g] verifiable
as a ring homomorphism. The R—algebra structure on S™'R is defined by

18] - [,

Let R be a commutative ring with identity 1 and S C R be a saturated mul-
tiplicative subset of R consisting of all the units, then Rg = { [g] |7 € R,s € S}
endowed with usual addition and multiplication of fractions is a total quotient
ring.

Throughout this paper, unless stated otherwise, Rg = S™'R denotes the
total quotient ring, U(Rg) denotes the unit groups of the total quotient rings
Rg, J(Rg) is the Jacobson radical of Rg, GF(p") = Rs/J(Rs). The remaining
notations are standard and can be obtained from the references e.g. [2] and [8].

The characterization of finite rings into well known structures is not com-
plete. In particular, Ayoub[1] has studied the properties of finite primary rings
and their groups of units, Chikunji [2, 3] has demonstrated an in depth study
on the structure theory of completely primary finite rings. He has given the
structures of the unit groups of certain classes of the said finite rings and a
review of some other properties of the rings. Owino[7] has studied the units of
commutative finite rings with zero divisors satisfying the idempotent property.
It can be established from these findings that these unit groups are expressible
as direct product of a cyclic group Z,-_; and the abelian p—group 1+ J(R) of
order p*~Vr where k,r are positive integers.

This paper therefore seeks to characterize U(Rg) when char p*, k > 3.

2 The Construction of the total quotient ring
of characteristic p* with k£ >3

Let R = R' @ U be an additive abelian group with identity, where R’ =
GR(p*",p*) is a Galois ring of order p*" and characteristic p* and U be a
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h—dimensional R'—module. On this group, define multiplication by the fol-
lowing relation:

(i) When k£ = 1,2 pu; = uu; = uju; =0, u;r’ = (') 7y,

(ii) When k > 3, then p*lu; = p>yi; = ut™

7

Yu; = 0 for some v;; € R': i # j

where ' € R, 1 <i,j < h, p is a prime integer, k and r are positive integers
and o; is the automorphism associated with u;. Further, let the generators {u;}
for U satisfy the additional condition that, if w; € U, then, pu; = wu; = 0.
From the given multiplication in R, we see that if ' + 2?21 Aiu; and '+
Z?Zl Yiug, 't € R, N,y € F' are elements of R, then,

h h h
(r' + Z Aiwi) (t" + Z Yiwg) = r't’ + Z{(T/ +pR')yi + Ni(t' + pR') Yy
i=1 i=1 i=1

It has been verified that the given multiplication turns the additive abelian
group R, into a commutative ring with identity (1,0, ...,0) or just 1 if and only
if 0; is the identity on R’ (cf. see [6, 8]). Let J(R) be its Jacobson radical
and S = U(R) be a multiplicatively closed subset of R. The localization of
R with respect to S yields a total quotient ring Rg such that every element

[(r,5)] € Rs is of the form |(r' 4+ 32 Nug, oo+ pr’ + 20 M) | where \; €

F,pr' + S Au; € J(R) and a € S. Let [(r1,51)], [(r2, 52)] € Rs. Define
multiplication on Rg as follows:

(11, 81)][(r2, 82)] = [(r172, $152)] (*)

with the usual addition of fractions on Rg, the multiplication defined by (x)
turns Rg into a finite local ring with identity.

For any prime integer p and positive integers k, h and r the construction
yields a total quotient ring in which (J(Rg))*! # [(0,1)] and (J(Rg))* =
[(0,1)]. These rings are completely primary and therefore we can employ well
known procedures to study their unit groups.

3 Preliminary Results

The following Theorems, Lemmata and Proposition shall be used in the sequel

Theorem 1. (cf. [2]) Let G be a cyclic finite group such that | G |= n,
then G =2 7Z,,.

Theorem 2. (cf. [5]) Let R be a finite ring. Then every left unit is a
right unit and every left zero divisor is a right zero divisor. Furthermore, every
element of R is either a zero divisor or a unit.
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Theorem 3. (Property of localization of Completely primary rings) The
only maximal ideals of ST'R are S~'J(R) where J(R) is a maximal ideal of
R such that J(R)N S = ¢

Lemma 1. (cf. [8]) Let Rs be a total quotient ring of the construction

in section 2, then U(Ryg) is cyclic if and only if [888” + J(Rg) is cyclic.

Moreover

U(Rg) =< € > X [—8883} + J(Rs)

(1,0,..., 8” + J(Rgs) by the cyclic subgroup

a direct product of the p—group [(10...

< & > of order p" — 1.

Lemma 2. (cf. [8]) Let ann(J(Rg)) be the two sided annihilator of J(Rg)

then [888” +ann(J(Ry)) is a subgroup of [888” + J(Rs)

Theorem 4. Let R be a commutative ring with identity 1. Suppose
S C R is a multiplicative, then there exists a prime and maximal ideal P with
respect to inclusion among all the ideals in the complement of S in R.

Theorem 5. Let R be a commutative ring with identity 1. Then the
following are equivalent:

i. S is saturated
ii. R— S = UeaP; where {P;} = Spec(R) such that P,N S = ¢

Theorem 6. (Universal property of the Quotient Ring) The canonical
homomorphism f : R — S™'R defined by f(r) = [g] is an R—algebra homo-
morphism, so that f satisfies the following axioms

i. f is a ring homomorphism and f(s) C U(S™'R).

ii. If0: R — R is a ring homomorphism with 6(S) C U(R'), then there
exists a unique homomorphism v : ST'R — R’ such that ¢ - f = 0.

Theorem 7. Let S be a multiplicative set of a unital commutative ring

R. Then

i. Proper ideals of the ring S™' R are of the form IST'R = S7'I = {! |ie I,s € S}
with I € R an ideal and I NS = ¢.

ii. Prime ideals in S™'R are of the form S™'P where P is prime in R and

PNS = o
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Theorem 8. Let R be a commutative ring with identity and S C R a
multiplicative subset, I is an ideal of R and S = Im(S), the natural image of
S in R/I, then ST'R/S™'T = S~'(R/I) as an R—algebra.

Remark 1. In order to completely classify the group of units of the rings con-

structed, we determine the structure of [888;] + J(Rs). Since U(Rg) is

abelian [888” +J(Rs) is a normal subgroup of U(Rg). Particularly, Let Rg

be the total quotient ring of the construction section 2, then [888;] +J(Rs)

is an abelian p—subgroup of the unit group U(Rg). For brevity we shall in the

sequel denote the identity [8’8’:::’8;] as E] .

4 Main results

Proposition 1. (¢f. [7]) Let Rs be the total quotient ring constructed above
and J(Rg) be it is Jacobson radical, then

(i) J(Rs) = {[(pr’ + 300 N a+pr 300 Aiui)] |7 € RN € Zpyu; € Roa € U(R)}
(i) (J(Re)* ' ={[@*" ", a+p" )] |7 € R,a € UR)} and
(iii) (J(Rs))* =[(0,1)]

Let Rg be the total quotient ring of the construction in Section 2 with
maximal ideal J(Rg) such that (J(Rg))*! # [(0,1)] and (J(Rs))* = [(0,1)].
Then Rg is of order p**™M". Since Rg is of the given order and U(Rg) =
Rs — J(Rg), then [U(Rg)| = p*= D+ (pr — 1) and |1 + J(Rg)| = pE= D+,
So % + J(Rg) is an abelian p-group.

Proposition 2. Let Rg be a local ring of characteristic p* with k > 3. Then
the group of units U(Rg) of Rs contains a cyclic subgroup < & > of order
p" — 1 and U(Rg) is a semi direct product of [H + J(Rs) by < & >.

In order to completely classify the groups of units of the total quotient ring,
we determine the structure of [1] + J(Rg).

We now give the generalization as follows;

Proposition 3. The structure of the unit group U(Rg) of the total quotient
ring constructed in section 2 with characteristic p*,k > 3,7 > 1 and h > 1 is
as follows:

1 o | Ly X Dz X LY X (2 if p=2;
H + J(Rs) = { Ly x (Zy) ifp# 2.
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and

U R ~ erfl X ZQ X Z2k—2 X Zg;}l X (ZS)h ’pr = 27‘
(B) =\ Zyy x 2 x ()" ip+2

Proof. Let \i,...,\, € R with A\; = 1 such that \,...,\. € R'/pR’ form
a basis for R'/pR’ regarded as a vector space over its prime subfield F,. Let
S1y...,8, € S =U(R). Now

() = U (Rs/ ()« (|| + 59 ) = 2 x ([5] + 9))

Since the two cases do not overlap, we consider them separately:

Let p=2

The structures of [1] 4+ J(Rs). are obtained as follows;

Suppose [ = 1,...,7,1 < i < h and let ©» € R such that 22+ 2z +1¢ =0
over R'/pR' has no solution in the field R'/pR’ and 1) € R'/pR’, we obtain the

following results:
L 2101\ 1
1 s I

Also

forl=2,...,r,

(G2) =L (Ge2el) = Bl (2] -

for every [ = 1,...,r. Now, consider positive integers «, (3, ki, Ty, . . ., Ty With
a <28 <22 kg <26 < p(1 <i < h,1<1<7r), we notice that the

(G2 (4] m{(G20)
{([i+]) (")) )
S - {1
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will imply o« = 2,8 = 282 k5, < 28 ' for | = 2,...,r and 73, = 2 for every
l=1,...,rand 1 <i<h.

If we set - N
a={([i+557]) 1012}
1 s
e ([ ) pmr )
1 S

{22 -5
1 S

it is easily noticed that H,G,T;, Sy, So, ..., S are cyclic subgroups of the
group %+ J(Rs) and they are of the orders indicated in their definition. Since,

1 2’971)\1
< |-+ .

(1 4 .
> < | =+ —| >|- - <
|| _1+8] 1T

1 2N
I+_ >|

1 Nuy | 4 1 Nug
—_ - > . < - JE— > .
1 + 5 | | E | {1 + S |

the intersection of any pair of the cyclic subgroups yields the identity group
H] , and the product of the h + 3 subgroups H, G, T}, Sy, Sa, - . ., Spy is direct
and exhausts the group 1 + J(Rs).

Let p # 2
Forl=1,...,nr,

k—1

(Len]) = BLG2e)) = (2] - B
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For positive integers ay, By, ..., B with oy < pF=1 8y < p(1 < i < h), we
notice that the equation

E{Q%*MDW}'}j{(ﬁmsulbﬁ”}.
{6+ ()

will imply a; = p* 1 By =p(1 <i < h,l=1,...,r). If we set

Tzz{(Hﬂ?)\lD IOz:l,---,p’H}
o N

Sll:{(—+)\1U1:|) |C¥:1,...,pk_1}
|1 s

1A “
Shl:{(_+ hUh:|) ’Q:1,...,pk1}
1 s

We see that T}, Sy, . . ., S are all cyclic subgroups of [1] +.J(Rs) and they
are of the orders indicated by their definitions. Since

H |< —i—p)\l} >| - H < {% )\1U1} H| {1 )\hUh] >|:p(h+k—1)r

and the intersection of any pair of the cyclic subgroups gives the identity group,
the product of the (h+ 1)r subgroups 1}, Sy, . . ., Sy is direct and the product
exhausts the group [1] + J(Rs). O
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