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Abstract

In this paper, R is considered a completely primary finite ring and Z(R) is its subset of all zero
divisors (including zero), forming a unique maximal ideal. We give a construction of R whose
subset of zero divisors Z(R) satisfies the conditions (Z(R))® = (0); (Z(R))* # (0) and determine
the structures of the unit groups of R for all its characteristics.
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1 Introduction

A comprehensive study on completely primary finite rings can be traced back to Raghavendran’s
publication [1]. Other related studies can be obtained from [2, 3, 4, 5, 6]. We shall denote the
Jacobson radical of a completely primary finite ring R by Z(R) while the rest of notations used
in this paper are standard. The classification of finite rings is still inconclusive with some few
expositions on the structures of unit groups and zero divisors of constructed rings. Chikunji in [7, §]
obtained the structures of group of units of classes of completely primary finite rings in which the
product of any three zero divisors is zero. In [6], the authors determined the structure of the unit
groups of completely primary finite rings in which the product of any four zero divisors is zero. We
now construct a class of completely primary finite rings in which (Z(R))® = (0) with (Z(R))* # (0)
and classify their group of units.

2 Preliminaries

The following are fundamental to the construction of a class of completely primary finite rings as
well as classification of their unit groups in this paper.

a) A completely primary finite ring is a ring in which the set Z(R) of all zero divisors forms a
unique maximal ideal [2]. For more information on these rings, the reader is referred to [1].

b) Let R be a finite ring. Then there is no distinction between left and right zero divisors and
every element is either a zero divisor or a unit [4, section 4].

¢) Let R be a finite ring with multiplicative identity 1 # 0 , whose set of zero divisors form an
additive group Z(R) . Then:

(i

(ii

) Z(R) is the Jacobson radical of R;
)

(i) (Z(R))" = (0);
)

|R| = p*" and |Z(R)| = p®* V" for some prime p and some positive integers k, 7;

(iv) The characteristic of the ring R is p" for some integer n with 1 < n < k and if the

characteristic is p* , then R will be commutative.
This is basically Theorem 2 of [1]

d) Let R be as in (c) above and let CharR = p*. Then R has a coefficient subring Ry = GR(p*", p")
with CharRo = CharR and Ro/pRo equals to R/Z(R). Ry is clearly a maximal subring of R [3,
Section 1].

e) Let R be a completely primary finite ring (not necessarily commutative). Then the group of
units R* of R contains a cyclic subgroup < b > of order p” — 1 , and R" is a semi direct product
of 1+ Z(R) and < b > [8, Proposition 2.1].

Remark 2.1. From (c) and (d) above, it is clear that if (Z(R))® = (0) with (Z(R))* # (0), then the
characteristic of R is p¥, 1 < k < 5.

3 Results

3.1 Construction of five radical zero commutative completely primary
finite rings

Let Ry = GR(p]",pk) be a Galois ring of order p*” and characteristic p® where p is a prime integer,
1<k<5andr € Z". Suppose U,V,W and Y are Ro/pRo - spaces considered as Ry modules
generated by e, f,g and h elements, respectively, such that the corresponding generating sets are
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{ur,...,ue}, {v1,...,v5}, {wi,...,wg} and {y1,...,yn} sothat R=RoPUPVPWPY is
an additive abelian group. Then on the additive group, we define multiplication by the following
relations:

(i) If k=1, then
U;Uir = Uit Uq = U]‘, uﬂ)j = vjui = Wk, UiWE = WrU; =Y, UiYl = YU; = 0,

Vv = V505 =Y, Viwr = wrvj =0, vy = yv; =0, wpwy = wprwi =0,

wryt = yrwr =0, yyr =yry =0
(ii) If k = 2, then
Uity = Uy Ui = Pro + PUi + Vj, UiVj = VjU; = PUi + Wk, UiWk = WrUi = PU;i + Y1,
UiY = YoUi = Pli, VjVj0 = VU5 = Y1, Viwe = wrv; = 0,05y = y1v5 = 0, wpwpr = wywi =0
weyr = yrwe =0, yiyr =yryr =0
(iii) If 3 <k <5, then
Uil = Uit Ui = p2r0 + pu; +vj, uv; = viu; = p2ro + pu; + pvj + we,
UWE = WrUi = p27’0 + pui + pwi + Y1, UiY = Yiui = p27’0 + pui,
VU = 0jvj = POTo + PUj Y, VWK = Wy = PUTo + Puj + Pwk, vyt = Yiv; = p’To + puj,
2 2 2
WEWy! = Wi W = P To + PWk, WEYI = YWk = P To + PWk, YY1 = YrYyr = P 7o-

Further Ui Uit Wittt Ujiv = 07 U;To = ToUs, VjTo = Tovy, WETo = ToWk,Yi1To = ToYi, Where
ro € Ropand 1 <4, ¢ <e 1<j 7 <f 1<k kK <g1<1 I'<h From the

e f g h
given multiplication in R, we see that if 7o + > rmu; + Y. s;v; + > tewr + Y, ziyi  and
i=1 j=1 i=1 =1

e f g h
To + Y riui + 2 sju; + > thwr + > zjyr  are any two elements of R, then
=1 j=1 i=1 =1

e f g h e f g h
<ro + Zriui + ZS]"UJ' + Ztkwk + Zz1y1> (7"6 + Zriui + Z S;"Uj + Zt;wk + Z z{yl>
i=1 j=1 k=1 =1 =1 j=1 t=1 =1

=rory + p* Z (rir:n + pRo)

1,m=1
e f e
+ ) [rori 4 rirg + pRo] us + Y _ | (ro +pRo)si + s;(ro + pRo) + Y (rur), +pRo) | v;
=1 Jj=1 v, p=1
g
+ Z (ro + pRo)ty, + tr(r4 + pRo) + Z(m —|—pR0)s;~ + 5 (i + pRo) | ws,
k=1 4,3
h f
+ Z (ro + pRo)z + z1(r + pRo) + Z(h + pRo)ty, + tx(r; + pRo) + Z (sxsy +pRo) | i
=1 i,k K, T=1

where a =1,2,3, or 4 depending on whether Char Ro = p?, p>, p* or p°. It can be verified that
this multiplication turns R into a commutative ring with identity 1.
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Notice that if Rg = GR(p",p) where Char R = p, then the above multiplication reduces to

e f g h e f g h
(7“0 + Zmui + Zsjvj + Ztkwk + Zzlyl> (Té + ZT’;W + Z sjv; + Zt;wk + Z Ziyl)
i=1 j=1 k=1 =1 i=1 j=1 t=1 =1
e f
= rory + Z [7"07”2 + 7’1'7"6} ui + Z
=1 Jj=1

g
>
k=1

(ro)s; +s;(ro) + (W”L)] vj

v, p=1

(ro)ti + ta(ro) + Y _(r:)s} + s5(ri) | w
— 4
h f
) o)+ a(re) + Y (r)t +te(r) + Y (swsy) | w
=1 i,k K, 7=1

In the sequel, we use the ideas of Raghavendran [1] and Chikunji [8] to classify the unit groups of
the rings constructed in this section. Evidently

2(8) - s DU DY DW DY
e f g h
=pRo + Z Rou; + Z Rov; + Z Rowi, + Z Roy
i=1 j=1 k=1 1=1
is a unique maximal ideal of R and
1+ Z(R)=1+pRePUEPVEPWEPY
e f g h
=1+4+pRo +ZROUZ' +ZR0’UJ‘ +ZRowk +ZRoyz
i=1 j=1 k=1 =1
and
R =(R'/1+Z(R)) x (1+ Z(R)) =<b> x(1+ Z(R))
where

<b>=(R/1+Z(R)) = (R/Z(R))" = Fi = Zpr 4

Proposition 3.1. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p with pu; = pv; = pwy = py, = 0. Then the group of units

Zor—y x (Zg)" x (Z3)",  if p=2
Zar—1 x (Z§)" x (Z})" x (Z3)", if p=3
Zpr—1 X (Z)" X (Z)" x (Z3)" x (Z;)", if p>3

R*

Il

Proof. Using the fact that R* = Z,~_1 X (1 + Z(R)), it suffices to determine the structure of
14+ Z(R). Let €1,...,er be elements of Ry with £1 = 1 such that &1,...,&, form a basis for Ro/pRo
regarded as a vector space over its prime subfield F,. We consider the three cases separately.
Case(i): p=2. For every t = 1,...,r, (14 ¢e4u;)® = 1 and (1 4 e;wg)? = 1. For non-negative
integers o and A; with o < 2, and Ay <8, it is clear that

[TTT{(+ew)™ b TTTTHC + )™} = {1}

i=1t=1 k=1t=1
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This indicates that Ay =8 and ay =2 for allt =1,...,r.

Suppose

Ay = {(1+z~:,gui)A A=1,...,8Vt= 1,...,r} and

By, ={(14+cwe)*:a=1,2;Vt=1,...,r},

then Ay; and By, are all cyclic subgroups of the group 1+ Z(R) and these are of the orders inferred
from their definition. Since the intersection of the cyclic subgroups < 1+ eiu; > and < 14 e wy >
gives the identity group and that

ﬁﬁ<1+€tui> .

i=1t=1

ﬁﬁ<1+stwk>

k=1t=1

coincides with |1 4+ Z(R)|, it follows that

1+Z(R):ﬁﬁ<1+€t'lti>Xﬁﬁ<1+€twk>

1=1t=1 k=1t=1

= (Zs)" x (23)"

Case(ii): p = 3. For every t = 1,...,7, (1 +&u;)® = 1, (1 + &v;)® = 1 and (1 + g41)® = 1. For
non-negative integers \¢, a; and ¢ with Ay <9, oy < 3 and ¢ < 3, it is clear that

e T for h r
TTIT{+=w™ }- TITT40 + 2w} TITTO +2a™'} = {1}

i=1t=1 j=1t=1 I=1t=1

This indicates that At =9, =3 and s =3 forallt =1,...,r.

Suppose

A ={(l4eu)*: A=1,...,9Vt=1,...,r},

By ={(14+¢ew;)*:a=1,2,3;Vt=1,...,7r}, and

Cu={Q+ecym)?:9o=1,2,3;Vt=1,...,1},

then A¢, Bt and Cy are all cyclic subgroups of the group 1 + Z(R) and these are of the orders
inferred from their definition. Since the intersection of any pair of the cyclic subgroups < 14&u; >
, <1l+4ew; >, and <1+ ey > gives the identity group and that

e T f r h r
I <t+eows > T[]]I <1+ev >[I <1+em >

i=1t=1 j=1t=1 I=1t=1

coincides with |1 + Z(R)|, it follows that

e r f s h r
1+ ZR) =[[][] <1+emw>x[[[[<1+ew; > <[] <t +ew>

i=1t=1 j=1t=1 1=1t=1
= (Z5)" x (Z5)" x (Z3)"
Case(ii): p > 3. Forevery t =1,...,r, 1+ )’ =1, (14+e&w;)? =1, (1+ewi)? =1, and

(1 + ety)? = 1. For non-negative integers oy, ¢, 0 and Ay with ax < p, o < p, 6 < p and
At < p, it is clear that

T

e T f - 9 r h
HH{(l +eou)t} - H H{(l +ew;)?t} H H {(1 +5twk)5t} . HH {(1 +styz)kt} = {1}
1=1t=1

i=1t=1 j=1t=1 k=1t=1

This indicates that oz =p, ¢t =p, ot =pand Ay =pforallt=1,...,r
Suppose
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={(l+euw)*:a=1,...,p;Vt=1,...,71},

={(1 4+ ew;)® :Lp: 1,...,;;Ve=1,...,7},
Ctk = {(1+stwk 0=1,...,p;Vt = 1,..,,7’}, and
Dy = {(1+5tyl))‘ A=1,...,p;Vt = 1,...,7"},
then Ay, Bij, Cue and Dy are all cyclic subgroups of the group 1 4+ Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<l+eu;> <l4ev;> <l4+egwr> and <14 ey > gives the identity group and that

T .f h
ﬁH<1+5tui> . Hﬁ<1+€zvj> . ﬁﬁ<1+5twk> . Hﬁ<1+&yz>

i=1t=1 j=1t=1 kE=1t=1 I=1t=1

coincides with |1 + Z(R)|, it follows that

1+ Z(R HH<1+€tUz>XHH<1+€tvg>XHH<1+€twk>XHH<1+5tyl>

i=1t=1 j=1t=1 k=1t=1 I=1t=1

= (Zg)" X (ZL) < (Z8)" x (Zh)"

O

Proposition 3.2. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p* with pu; = pv; = pwi, = pyi. Then the group of units
ZQT—I X Zg X (Zg)r X (Zg)r7 Zf p= 2
Zr—1 x L x (Z§)" x (Z5)" x (2", if p=3
Zpr—1 X Ly x (Z5)" % (ZL)" < (Z8)" x (Z})", if p>3

R*

1%

Proof. Using the fact that R* & Z,~_1 X (1 + Z(R)), it suffices to determine the structure of
14+ Z(R). Let €1, ...,&, be elements of Ry with €1 = 1 such that &1,...,&, form a basis for Ro/pRo
regarded as a vector space over its prime subfield F,, . We consider the three cases separately:
Case (i): p=2. Forevery t = 1,...,r, (1 +2¢)* =1, (1 + e0u;)® = 1, and (1 + eswy)? = 1. For
non-negative integers a;, Ar and §; with o < 2, Ay < 8 and d; < 2, it is clear that

H{1—|—25 )t} 1_[1_[{1—|—5tuZ } UH{l—!—etwk ‘}:{1}

1=1t=1

This indicates that oy =2, Ay =8 and 0 =2 forallt=1,...,r

Suppose

Ae={(1+2e)*:a=1,2;Vt =1,...,1},

B = {(1+5tui)>‘ A=1,...,8Vt = 1,...,7“}7 and

Cuo={(1+ewp)’ :0=1,2%Vt=1,...,r},

then A¢, B and Cy, are all cyclic subgroups of the group 1+ Z(R) and these are of the orders
inferred from their definition. Since the intersection of any pair of the cyclic subgroups < 1+ 2¢; >
, <14eu; >, and < 1+ e,wy > gives the identity group and that

. ﬁﬁ<1+€tui>

i=1t=1

g9

: Hﬁ<1+€twk>

k=1t=1

ﬁ<1+2€t>

t=1
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coincides with |1 + Z(R)|, it follows that

1+ Z(R) = H<l+2€t>XHH<1+€tu1>XHH<1+Etwk>

i=1t=1 k=1t=1

= Zy x (Zg)" x (Z3)"

Case(ii): p=3.Forevery t = 1,...,7, (1 +3e)> =1, (14+eu)’ =1, (1+ew;)® =1, and
1+ styl)3 = 1. For non-negative integers a;, ¢, 0+ and A\¢ with ax < 3, ¢ < 3, & < 3 and
At <9, it is clear that

h r

H{1+35t ‘1 HH{HM t}vf[f[{(lmvj)*@t}-HH{(l+f—:ty,)f“}:{1}

i=1t=1 Jj=1t=1 l=1t=1

This indicates that oz =3, A\t =9, : =3 and ¢ =3 forallt=1,...,r

Suppose

Ar={(1+3)°:6=1,2,3;Vt=1,...,r},

By = {(1+5tui)>‘ A= 1,...,9;Vt:1,...,7’}7

Ciyi ={(1+¢ew;)?:9=1,2,3;Vt=1,...,r}, and

Dy={14ey)®*:a=1,2,3;Vt=1,...,r},

then A, By, Cyj and Dy are all cyclic subgroups of the group 1 + Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<143 >, <l4eu; >, <l4ev; > and <14 ey > gives the identity group and that

e T f r h r
‘HH<1+Etui>‘HH<1+€tU] HH<1+€zyz>

i=1t=1 j=1t=1

ﬁ<1+35t>

t=1

coincides with |1 + Z(R)|, it follows that

1+Z(R H<1+35f>><HH<1+€fU1>XHH<1+EtUJ>XHH<1+EtyZ>

i=1t=1 j=1t=1 1=1t=1

= Zy x (Z§)" % (Z3)" x (Z3)"

Case(ii): p > 3. For every t = 1,...,7, (1 +pe)? =1, 1+ew)’ =1, (14 ew;)? =1,
(14 erwi)? =1, and (1 4 ery1)? = 1. For non-negative integers a:, ¢:, d¢, [+ and A; such that
ar <p, ot <p, 6 <p, Bt <pand A\ <p, it is clear that

H{1+p5t )} HH{lJrf:‘tul )oY HH{1+sth } HH{NWMWc }

i=1t=1 j=1t=1
h r

[TIT{+em)} =1}

1=1t=1

This indicates that oz =p, A\t =p, 0t =p, fr =pand pr =pforallt =1,...,r
Suppose
Ac={(1+pe)®:a=1,...,p;¥Vt=1,...,1},
Bn—{(l—&—stuz) cp=1,...,;;Vt=1,...,71},
-—{1+Etv]) :0=1,. ..,p;Vt:L...,r},
Dtk:{(l—i—stwk) (B = ,...7p;Vt:17...,r},and
Etl:{(lJratyl) tA=1,. ..,p;Vt:L...,r},
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then Ay, B, Cij, Dy and Ey are all cyclic subgroups of the group 1+ Z(R) and these are of
the orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<1+4per >, <l4eu >, <1l+ewy >, <1+egw > and <14 ey, > gives the identity group
and that

g r
ITTI <1+emwe>|-

k=1t=1

f r
HH<1+€tUj>

j=1t=1

ﬁﬁ<1+5tui>

i=1t=1

H<1+p€t>
t=1

h r

I <t +ew>

I=1t=1

coincides with |1 + Z(R)|, it follows that

f g
1+Z(R):f[<1+pef,>xﬁﬁ<1+etui>xHﬁ<1+stvj>xHH<1+stwk>x
t=1

1=1t=1 j=1t=1 k=1t=1

=

™
H<1+Etyl>
1t=1

1%

Zi X (Zg)" % (ZY)" x (23)" x (Z)"

O

Proposition 3.3. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p? with p*u; = pv; = pwy = py; = 0. Then the group of
units
R =~ Zar—y X T x (25)" x (Z8§)" x (Zg*)",  if p=2

T\ Zron X Zp X (Z22) < (Z)" < (Z8)" x (2L, if p#2

Proof. Since R* = Zpr_1 X (1 + Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with &1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢¢ of order
2; 1+ 2e,u; of order 2; 1+ eywy, of order 2 and 1 + €,u; + €,v; of order 8. The rest of the proof is
similar to the proof of Proposition 3.2.

Case(it): Forp#2,1<t<r 1<i<e 1<;j<f, 1<k<g,1<1<h,the generators are

1+ pey of order p, 1+ eu; of order p?, 14 £;v; of order p, 14 e,wy, of order p and 1 + e,y of order
p. The rest of the proof is similar to the proof of Proposition 3.2. O

Proposition 3.4. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p® with pu; = pv; = pwy = py; = 0. Then the group of

units
Zor_1 X Ly x Ly x (Zg)" x (Z3)", if p=2

R* Zar 1 X T x (Z§)" x (ZH)" x (2%)", if p=3
D1 X Ty X (L) x (ZE)" x (Z3)" x (Zp)" x (ZSH))",  if p>3
Proof. Using the fact that R* = Z,~_1 X (1 + Z(R)), it suffices to determine the structure of

1+ Z(R). Let €1,...,er be elements of Ry with e1 = 1 such that &1,...,&, form a basis for Ro/pRo
regarded as a vector space over its prime subfield F),. We consider three cases separately:
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Case(i): p = 2. For every t = 1,...,r, (1+2¢)% = 1, (1 +4¢)® = 1, (1 + e4u3)® = 1, and
(1+e¢wk)? = 1. For non-negative integers a, ¢, @ and Ay with iy < 2, 6 <2, ¢ < 8and \; < 2,
it is clear that

H{1+25’ Jory. H{1+4€" st} HH{1+gfu )Pty HH{1+etwk ‘}:{1}

i=1t=1 k=1t=1

This indicates that oy =2, §: =2, pr =8 and Ay =2 forallt=1,...,r
Suppose
Ae={(1+2e):a=1,2;Vt =1,...,r},
By={(1+4e)°:0=1,2Vt=1,...,7r},
v ={(1+euw)?:9o=1,...,8Vt=1,...,r}, and
Dy, ={(1+ewp)* : A=1,2Vt =1,...,r},
then A;, By, Ct and Dy are all cyclic subgroups of the group 1 4+ Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<142 >, <1l44e>, <14 cu; > and < 1+ e,wy > gives the identity group and that

. ﬁﬁ<1+5tui>

i=1t=1

g

. Hﬁ<1+€twk>

k=1t=1

. ﬁ<1+4€t>

ﬁ<1+25t>

coincides with |1 4+ Z(R)|, it follows that

14+ Z(R H<1+25t>XH<1+4Ef>XHH<1+5W1>XHH<1+E“‘”€>

i=1t=1 k=1 t=1
EZQXZQX(ZS) X(Zg)

Case(ii): p=3.Forevery t = 1,...,r, (14+6&)° =1, (1 +ew;)? =1, (1+ew;)® =1, and
(1 +styl)3 = 1. For non-negative integers au, A¢, ¢ and 0¢ with ax < 3, At <9, ¢ <3 and d: <9,
it is clear that

[T {0-+6e"}- TITT {0 +em PV TTTL ™y TTTLHC + 2 = (1)

j=1t=1 1=1¢=1

This indicates that §: =9, \t =9, ¢t =3 and ay =3 forall t =1,...,r

Suppose

Ar={(1+65)°:6=1,...,9Vt=1,...,r},

By = {(1+€tui)>‘ A= 1,...,9;Vt:1,...,7’},

Ciyi={(1+¢ew;)?:¢=1,2,3;Vt=1,...,7}, and
Dy={14ey)®*:a=1,2,3;Vt=1,...,r},

then A, By, Cyj and Dy are all cyclic subgroups of the group 1 + Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<1+46g¢ >, <1l+eu; >, <1l4ev; > and <14 €4y > gives the identity group and that

e r f r
. HH<1+5tui> : HH<1+Et'Uj>

i=1t=1 j=1t=1

h

. HH<1+5tyz>

I=1t=1

11[<1+66t>

t=1

coincides with |1 + Z(R)|, it follows that

14+ Z(R) = H<1+65t>XHH<1+5tUz>XHH<1+5tUJ>XHH<1+Etyl>

i=1t=1 j=1t=1 I=1t=1

& 78 x (Z8)" x (Z)™ x (Z%)"
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Case(iii): p > 3. For every t = 1,...,7, (1 +pc)? = 1, (1 + gw;)? = 1, (1 4+ ;)P = 1,
14ewr)? =1, 1+ ey)? =1, and (1 + eu; + e:v;)? = 1. For non-negative integers o, ¢, Ot,
Bt, e, and Ay with ar < p, or <p, 0+ <p, Bt <p, ne < p, and As < p, it is clear that

[T+ T+ ey T {0+ e} T {0 +eeon*

i=1t=1 j=1t=1 k=1t=1
h r e r

II {(1+€tyz)m}'HHH{(1+&m+€wj)A*} ={1}

I=1t=1 J=li=1t=1

This indicates that o =p, A\t =p, ot =p, 0t =p, fr =p,and ny =pforallt =1,...r
Suppose
At:{ +p%e)® a=1, ..,p;Vt:l,...,r},
Bn {(1+5tu1)¢ p= 1,...,p;Vt =1,...,r},
{l—i—stvj 0=1,. ..,p;Vtzl,...,r},
{1+5,«wk 8= ,...,p;Vt:L...,r},
Etl ={1l+4+ewm)":n=1,....,p;¥Vt=1,...,r}, and
F; = {(1+8tui —&-stv])A A=1,...,p;Vt = 1,...,7"},
then A¢, B, Ctj, Dk, Eu, and Fi;j are all cyclic subgroups of the group 1+ Z(R) and these are of
the orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
< 1+p25t >, < 1+ epu; >, < 1+5t1}j >, < 1+ erwg >, < 1+€tyl >, and < 1+€zui+€z’l)j >
gives the identity group and that

. ﬁﬁ<1+5tui>

T

AT TT <1 +eown >|-

f r
AT <1 +em >

ﬁ<1+p2st>

t=1 1=1t=1 j=1lt=1 k=1t=1
h r f e r

TITT <t +eow |- | TTTTTT <1+ o+ 2ovs >

1=1t=1 j=1i=1t=1

coincides with |1 + Z(R)|, it follows that

1+ Z(R H<1—|—p 5t>XHH<1+EtUz>XHH<1+5tU]>XHH<1+5twk>X

i=1t=1 j=lt=1 k=1t=1
h
HH<1+€tyl>XHHH<1+€tuz+€tUJ
1=1t= j=1li=1t=1

> Zy x (Zy)" < (Z4)" x (Z9)" x (L) x (Z5™)"
O

Proposition 3.5. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p*> with p?u; = pv; = pwy = py; = 0. Then the group of
units

o o Lo 1 X T x Ty x (Z3)" x (Z8)" x (ZEY",  if p=2

T\ Zror X Zhe X (Z52)" x (ZL)" x (Z8)" x (ZD)",  if p#2
Proof. Since R* = Zyr—1 X (1 4+ Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with e1 = 1 such that &1,...,&, form a basis for Ry/pRo regarded as

a vector space over its prime subfield F,,. Then the generators with their respective orders are as
indicated below:
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Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢¢ of order
2; 14 4e; of oder 2, 1+ 2e4u; of order 2; 1+ e,wy, of order 2 and 1+ e4u; + v, of order 8. The rest
of the proof is similar to the proof of proposition 3.4.

Case(it):Forp#£2,1<t<r, 1<i<e, 1<j<f,1<k<g,1<1<h,the generators are 1+ pe;
of order p?, 14 e4u; of order p?, 1+ e4v; of order p, 1+ ,wy, of order p and 1+ €4y, of order p. The
rest of the proof is similar to the proof of Proposition 3.4. O

Proposition 3.6. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p> with p3u; = pv; = pwy = py; = 0. Then the group of
units
R ~{ Tar—1 X Ty x T3 x (T8) x (Z) x (T, if p=2
Zyr1 X T % ()" x (ZL) x (Z2) x (ZL)', if p#2

Proof. Since R* = Z,r_1 X (1 + Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with £1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield IF,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢¢ of order
2; 1 +4e; of oder 2, 14 €,u; of order 8; 1+ €v; of order 4 and 1 + e,wy, of order 2. The rest of the
proof is similar to the proof of Proposition 3.4.

Case(ii): Forp £2, 1<t <r, 1<i<e 1<j5<f 1<k<g, 1< <h, the generators are
14 pe; of order p?, 14 e4u; of order p*, 14 e,v; of order p, 1+ e,wy, of order p and 14 e,y of order
p. The rest of the proof is similar to the proof of Proposition 3.4. O

Proposition 3.7. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p* with pu; = pv; = pwy = py, = 0. Then the group of
units
Lgr—1 X Ly X Ly X (Zg)" x (Z§)", if p=2
R Lor—1 X Ly % (Z§)" x (Z5)" x (Z5)", if p=3

Zpr—1 X Zhs x (Zg)" x (ZL)" x (Z3)" x (Z})", if p>3

Proof. Using the fact that R* = Z,r_1 x (1 + Z(R)), it suffices to determine the structure of
1+ Z(R). Let €1,...,e, be elements of Ry with e1 = 1 such that &1, ...,&, form a basis for Ro/pRo
regarded as a vector space over its prime subfield F,. We consider the three cases separately:

Case(i): p = 2. For every t = 1,...,r, (1 +2¢)* = 1, (1 +6&)® = 1, (1 + g4w;)® = 1, and
(1+5twk)2 = 1. For non-negative integers au, d¢, ¢ and Ay with ayx <4, 8 <2, o < 8 and A\ < 2,
it is clear that

r r e r g r
[T4a+2e0™y - TT{(+6e0™ - TTTTLC +ew)™y - TTTT {1+ 2w } = (1)
t=1 t=1 i=1t=1 k=1t=1

This indicates that oy =4, 6: =2, pr =8 and \y =2 forallt =1,...,7r.

Suppose

Ar={(1+2):=1,2,3, 4Vt =1,...,71},

By ={(1+6c)°:6=1,2Vt=1,...,7},

Cui={(14+emus)?:p=1,...,8,Vt=1,...,r}, and

Dy ={(1+ewe)* : A=1,2¥t =1,...,7},
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then A;, B, Ct and Dy are all cyclic subgroups of the group 1 4+ Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<142 >, <146 >, <14 eu; >, and < 1+ e,wi > gives the identity group and that

e g r
. Hﬁ<1+€tui> . HH<1+Etwk>

i=1t=1 k=1t=1

. ﬁ<1+6€z>

t=1

.
[[<1+2e>

t=1

coincides with |1 + Z(R)|, it follows that

14+ Z(R H<1+25t>><H<1—|—65t>XHH<1+5tu1>XHH<1+Etwk>

i=1t=1 k=1 t=1
§Z4XZQ><(ZS) X(Zg)

Case(ii): p = 3. Forevery t = 1,...,7, (1+3¢)* =1, (1 +ewi)® = 1, (1 + &0;)® = 1, and
(1+5tyl)3 = 1. For non-negative integers au, @+, ¢ and A with ax < 27, ¢ <9, 6 < 3, and \; < 3,
it is clear that

H{1+35t “y Tt +emy T+ ) T {0+ o} = 0

1=1t=1 j=1t=1 =1t=1

This indicates that ax =27, A+ =3, pr =9 and 0 =3 forallt =1,...,r

Suppose

Ae={(1+3e¢):ax=1,...,27;Vt =1,...,1},

Bu={(14+ecu)?:p=1,...,95Vt=1,...,r},

Cii={(1+ew;)’:6=1,2,3Vt=1,...,r}, and

Dy = {(1 +ey) N A=1,2,3;Vt = 1,...71“},

then Ay, By, Cyj and Dy are all cyclic subgroups of the group 1+ Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<143 >, <1l+eu; >, <1l4ev; >, and < 14 €4y > gives the identity group and that

r f r
. ﬁH<1+€tui> : HH<1+5t'Uj>

i=1t=1 j=1t=1

h

. Hﬁ<1+5tyl>

l=1t=1

ﬁ<1—|—36t>

t=1

coincides with |1 + Z(R)|, it follows that

1+ Z(R H<1+35—:t>XHH<1+5tuz>XHH<1+€tUJ>><HH<1+6zyl>

i=1t=1 j=1t=1 I=1t=1

> 75, x (Z8)" x (Z)" x (Z8)"

Case(ii): p > 3. Foreveryt =1,...,r, (1—|—p£t)]”3 =1, 14ew)? =1, (1+ew;)P =1, (14ewi)? =
1, and (1+e&¢4)P = 1. For non-negative integers oy, A¢, o, B¢, and §; with o < p*, Ay < p, @1 < p,
¢ < p, and B < p, it is clear that

T

T4+ pe0 - TTLT + 2en)7- TITT{G + e TTIT{+emo® )

i=1t=1 j=1t=1 k=1t=1

HH{HW =y

I=1t=1

This indicates that a; = p>, \s =p, ¢t =p, 6 =p, and B, =p, forallt =1,...,r
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Suppose

A = {(1+p€t)a ra=1,...,p%Vt = 1,...,1”},

By ={(1+eu))?:p=1,...,p;;Vt =1,...,7},

Cyj = {(1+8t1)j)5 :0=1,...,p;Vt = 1,...,7"}7

Dy = {(1+€twk)5 :p=1,...,p;Vt = 1,...,7’}, and

Ey = {(1—|—5tyl)’\ A=1,...,p;)Vt = 1,...,7"}

then A¢, B, Ctj, Di, and Ey, are all cyclic subgroups of the group 1 + Z(R) and these are of
the orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<l4per >, <l+eu > <l4ew; >, <l4ewi >, and < 14 ey, >, gives the identity group
and that

r e r f r g r
[I<ti+pee> - \ITI] <t+ew > T[]]I <1+ews > |[TTT] <1+ emwe >|
t=1 i=1t=1 j=1t=1 k=1t=1

h r

I <t+ewm >

I=1t=1

coincides with |1 + Z(R)|, it follows that

T e i f s
1+ Z(R) =[] <t+pee>x[[[] <1+em>x[[]] <1+ew; >
t=1

i=1t=1 j=1t=1

g h 7
< [TTI<1+emwe>x[[]] <1+ewm>

k=1t=1 l=1t=1

= Zrs x (Zy) % (Z)" x (Z3)" = (Zh)"
O

Proposition 3.8. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p* with p*u; = pv; = pwy = py; = 0. Then the group of
units
R =~ Zor—y X Ty x T x (Z5)" x (Z§)" x (2g¥1)",  if p=2
C  Zpr 1 X T x (Zi)" X (Z)" < ()" % (Zh)", if p#2

Proof. Since R* = Z,r_1 X (1 + Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with £1 = 1 such that &i,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield IF,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢¢ of order
4; 14 6¢; of oder 2, 1+ 2e4u; of order 2; 1+ e,wy, of order 2 and 1+ e4u; + v, of order 8. The rest
of the proof is similar to the proof of Proposition 3.7.

Case(ii): Forp £2, 1<t <r, 1<i<e 1<j5<f, 1<k<g, 1< <h, the generators are

14 pe; of order p*, 14 e4u; of order p?, 14 e,v; of order p, 1+ e,wy of order p and 14 e,y of order
p. The rest of the proof is similar to the proof of Proposition 3.7. O

Proposition 3.9. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p* with p3u; = pv; = pwy = py; = 0. Then the group of
units

o o Dor_1 X Ty x T x (Z&)" x (Z)" x (Z8)",  if p=2
Zyr—1 X Lhs x (Z5s)" % (ZL)" x (Z3)" x (Zp)", if p#2
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Proof. Since R* = Zyr_1 X (1 4+ Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with e1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢; of order
4; 1+ 6¢¢ of order 2, 1+ €,u; of order 8; 1+ ¢€,v; of order 4 and 1+ €,wy, of order 2. The rest of the
proof is similar to the proof of Proposition 3.7 .

Case(ii): Forp £2, 1 <t<r 1<i<e 1<j<f 1<k<g, 1<1<h,the generators are
1+ pe¢ of order pg, 1+ e¢u; of order p3, 1+¢€.v; of order p, 1+ e,wy, of order p and 1+ e4y; of order
p. The rest of the proof is similar to the proof of Proposition 3.7. (I

Proposition 3.10. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p* with p*u; = pv; = pwy = py; = 0. Then the group of
units
o Tor 1 X T x Ty x (ZS6)" % (Z5)" x (Z8)",  if p=2
Lyr oy x Ly x (Zo) x (ZL)" x (Z)" x (ZL),  if p+2

Proof. Since R* = Zpr—1 X (1 + Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with €1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 2¢¢ of order
4; 1+ 6¢¢ of oder 2, 14 e4u; of order 16; 1+ e4v; of order 4 and 1+ e,wy, of order 2. The rest of the
proof is similar to the proof of Proposition 3.7.

Case(it): Forp#2,1<t<r 1<i<e 1<j<f 1<k<g,1<1<h,the generators are
1+ pe; of order p®, 1+ e,u; of order p*, 1 + e¢v; of order p, 1+ e;wy, of order p and 1+ €.y, of order
p. The rest of the proof is similar to the proof of Proposition 3.7. O

Proposition 3.11. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p° with pu; = pv; = pwr = py; = 0. Then the group of

units i i . .
Zor—1 X T x T x (Z§)" x (Z9),  if p=2

R* = Zar 1 X Ly % (Z§)" x (Z5)" x (Z5)", if p=3
Loy X T x (Z5) % (Z)" x (Z9)" x @), i p>3
Proof. Using the fact that R* = Z,~_1 x (1 + Z(R)), it suffices to determine the structure of

1+ Z(R). Let €1,...,er be elements of Ry with £1 = 1 such that &1,...,&, form a basis for Ro/pRo
regarded as a vector space over its prime subfield F,. We consider the three cases separately:

Case(i): p = 2. For every t = 1,...,r, (1 4+4&)% =1, (1 + 14&;)® = 1, (1 + gu;)® = 1, and
(1+5twk)2 = 1. For non-negative integers v, ¢, ¢+ and d: with ax < 8, A\t <2, ¢ <8 and §; < 2,
it is clear that

[1(0 + 420} TT {0+ 1420% ) TTTTHO + ey TTTT{0-+ =m0} = 1)

i=1t=1 k=1t=1

This indicates that oy =8, A\t =2, s =8 and §y =2 forall t =1,...,r.
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Suppose

={(14+4e)* a=1,....8Vt=1,...,1},

{ 1+145t 46_172;Vt:17...,r},
Cm = {(1—|—€tul) cp=1,...,8Vt=1,...,r}, and
Dy, ={(1+ewp)* : A=1,2Vt =1,...,r},
then A;, By, Ct and Dy are all cyclic subgroups of the group 1 4+ Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<144er >, <14 Ue >, <1+etu; >, and < 14 g,wp > gives the identity group and that

r r e T g r
[[<i+4e > ] <1+ e > (T[] <1 +emw > [JTT] < 1+ewn >
t=1 t=1 i=1t=1 k=1t=1
coincides with |1 + Z(R)|, it follows that
14+ Z(R H<1—|—4st>><H<1+14Et>XHH<1+stuz>XHH<1+€twk>
1=1t=1 k=1t=1

> Zg X Ly x (Zg)" x (Zg)

Case(ii): p = 3. For every t = 1,...,7r, (14+3¢)% =1, (1 +&0;)® =1, (1 + gu;)° = 1, and
(14¢e:41)® = 1. For non-negative integers ay, ¢, ; and 6; with a; < 81, A; < 3, ¢, < 9 and 6; < 3,
it is clear that

h r
[T+ 30 TTLT + 2o HH{ v ey b TTTT{0+em™ ) = (1)
i=1t=1 j=1t=1 1=1t=1

This indicates that a; =81, At =3, pr =9 and 6 =3 forallt =1,...,r.
Suppose
Ay ={(1+3e):a=1,...,8;vVt=1,...,r},
By ={(1+eu))?:p=1,...,%5Ve=1,...,7},
Cyj = {(l+stv]~)5 :0=1,23;Vt=1,...,r}, and
Duy={(1+ey) :A=1,2,3;V¢t=1,...,r},
then A:, By, Cy; and Dy are all cyclic subgroups of the group 1 + Z(R) and these are of the
orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<143 >, <l+eu; >, <1l4ew; >, and < 14 g4y > gives the identity group and that

e T f r h r
AT < t+ews > |TTTT <1+ > - |[TI] <1 +ew >

i=1t=1 j=1t=1 =1t=1

ﬁ<1+35t>

t=1

coincides with |1 + Z(R)|, it follows that

14+ Z(R H<1+3Et>XHH<1+EtuZ>XHH<1+Eth>XHH<1+Etyz>

i=1t=1 j=1t=1 1=1t=1

~ 70 x (Z§)" x (Z1)" x (Zh)"

4
Case(iti): p > 3. Foreveryt =1,...,7, (14pe)? =1, (14eu;)? =1, (1+ew;)P =1, (14ewi)? =
1, and (1+e&¢4)P = 1. For non-negative integers oy, A¢, o, B¢, and §; with o < p*, A\; < p, @1 < p,
B < pand §; < p, it is clear that

H{lerst )¥ - HH{IJrstu )¥t}- ﬁﬁ{1+stv] } HH{IJrstwk }

i=1t=1 =1t=1 k=1t=1
h 7

[TIT{a+=m™} =

1=1t=1
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This indicates that a; = p*, \i =p, pr =p, & =p, and s =p, forallt =1,...,r
Suppose
At {(1+p5t)o‘. :1,,..,p4;Vt:1,...,1‘}7

={(1l+eu)?:p=1,...,p;Vt =1,...,1},

:{1—|—Etv]5 6=1,. ..,p;Vt:L...,T},

{ 1+Etwk 1B = ,..47p;Vt:17...,r}, and
Etl = {(1+5tyl))‘ A=1,...,p;VEt = 1,...,7"},
then A¢, By, Ctj, Di, and Ey, are all cyclic subgroups of the group 1 + Z(R) and these are of
the orders inferred from their definition. Since the intersection of any pair of the cyclic subgroups
<14per >, <l4emu >, <l4ew; >, <1l4egwi >, and < 14 ey, >, gives the identity group
and that

r e r f r g r
[I<ti+pee> - |JTI] <t+ew > [J[T] <1+ews > |[TTT] <1+ emwe >|
t=1 i=1t=1 j=1t=1 k=1t=1

h r

I <t+ewm >

I=1t=1

coincides with |1 + Z(R)|, it follows that

1+ Z(R H<1+pst>xHH<1+stul>xHH<1+sth

1=1t=1 Jj=1t=1
g s h r
X HH< 14+ epwp > XHH< 14+ ey >
k=1t=1 l=1t=1
= s x (Zy)" % (L) % (Z)" x (Zy)"

O

Proposition 3.12. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p° with p?u; = pv; = pwy = py; = 0. Then the group of
units
R =~ Zor—r X T x T x (Z5)" x (2§)" x (2g¥1)",  if p=2
T\ Zoror X Zha X (Z5)" X (ZL)" < (Z8)" x (ZD)",  if p#2
Proof. Since R* = Zpr—1 X (1 + Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,Er be elements of Ry with €1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as

a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 4¢¢ of order
8; 14 14e; of order 2, 1 4 2e4u; of order 2; 1+ e,wy, of order 2 and 1 + e;u; + €v; of order 8. The
rest of the proof is similar to the proof of Proposition 3.11.

Case(it): Forp#2,1<t<r, 1<i<e 1<;j<f, 1<k<g,1<1<h,the generators are
1+ pe; of order p*, 1+ e,u; of order p?, 1 + e¢v; of order p, 1+ e;wy, of order p and 1+ €,y; of order
p. The rest of the proof is similar to the proof of Proposition 3.11. O

Proposition 3.13. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p° with p3u; = pv; = pwy = py; = 0. Then the group of

units
R~ Zor—1 X Zg x Ty x (Zg)" x (Z])" x (Z8)",  if p=2
Zpr—1 X Zha x (Z5s)" % (ZL)" x (Z3)" x (Zp)", if p#2
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Proof. Since R* = Zyr_1 X (1 4+ Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with e1 = 1 such that &1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 4e; of order
8; 1+ 14¢¢ of oder 2, 1+ €4u; of order 8; 1+ e4v; of order 4 and 1+ e,wy, of order 2. The rest of the
proof is similar to the proof of Proposition 3.11.

Case(it): Forp#2,1<t<r 1<i<e 1<j<f 1<k<g,1<1<h,the generators are
1+ pes of order p*, 1+ eu; of order p3, 1 + e¢v; of order p, 1+ e;wy, of order p and 1+ €.y, of order
p. The rest of the proof is similar to the proof of Proposition 3.11. O

Proposition 3.14. Let R be a completely primary finite ring from the class of finite rings described
by the construction and of characteristic p° with p*u; = pv; = pwy = py1 = 0. Then the group of
units

B o Zor 1 X T x Ty x (Zie)" % (Z§)" x (Z)",  if p=2
Lpr—1 X Zha x (Zoa)" % (ZY)" % (Z8)" x (Z2)", if p#2

Proof. Since R* = Zyr_1 X (1 4+ Z(R)), it suffices to determine the structure of 1 + Z(R). Let
€1,...,&r be elements of Ry with 1 = 1 such that &i1,...,&, form a basis for Ro/pRo regarded as
a vector space over its prime subfield F,. Then the generators with their respective orders are as
indicated below:

Case(i): Forp=2, 1<t<r, 1<i<e, 1<j<f, 1<k<yg,the generators are 1 + 4¢; of order
8; 1+ 14e; of order 2, 1 + e4u; of order 16; 1 + €4v; of order 4 and 1 + e;wy, of order 2. The rest of
the proof is similar to the proof of Proposition 3.11.

Case(ii): Forp #£2, 1 <t<r, 1<i<e 1<j<f 1<k<g, 1<1<h, the generators are
1 + pe¢ of order p4, 1 + &tu; of order p4, 1+ ev; of order p, 1 + g,wy, of order p, and 1 + €4y, of
order p. The rest of the proof is similar to the proof of Proposition 3.11. O

4 Conclusion

This study has constructed a class of five radical zero commutative completely primary finite rings
and classified its unit groups for some selected classes. This has been possible through isolation
of the set of invertible elements from the set of zero divisors. classification of the group of units
of other classes will be considered in subsequent work. For the characterization of zero divisors
graphs for such rings, the publication is yet to appear. Since the classification of finite rings is still
incomplete, future researchers may study rings whose subsets of zero divisors are of higher indices
of nilpotence.
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