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Abstract

Let G be a group. The groups G for which G is an automorphism
group have not been fully characterized. Suppose R is a class of power
four radical zero finite commutative completely primary ring and J its
Jacobson Radical, the structure of R*, the unit groups of R is precisely
known, but the automorphisms of these unit groups is unknown. In this
paper, we discover the structure and order of these automorphisms for
all the characteristics of the ring R.
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1 Introduction

The definition of terms and standard notations can be obtained from [5, 6].
The automorphism group of R* denoted as Aut(R*) is a set whose elements
are automorphisms ¢ : R* — R* and where the group operation is composition
of automorphisms. Thus, its group structure is obtained as a subgroup of the
Sym(R*), the group of all permutations on R*. Given an arbitrary finite group
G, the computation of its automorphism group Aut(G) is not a very easy task.
Pioneer work in this regard was carried out by Felsch and Neubuser [7, 8] who
developed an algorithm which made use of their subgroup lattice program
to compute the automorphisms. In the early 1970s, Neubuser independently
developed a technique to determine the automorphism groups by considering
its action on the union of certain conjugacy classes of G. Similar methods were
used by Hulpke [1], Cannon and Holt [3] who presented a new algorithm to
answer this problem.

A few more efficient approaches to determine the automorphism groups of
the groups satisfying certain properties are available. Following the work of
Shoda [4], Hulpke in 1997 implemented a practical method for finite Abelian
groups. Hillar and Rhea [2] determined the order of the automorphisms of
an arbitrary finite Abelian group GG. Their approach has got a more involved
argument. Therefore in this paper, we use the approaches developed in [2] to
determine the structure and order of the automorphisms of R*. Owing to the
structure of 1+ J a subgroup of R*, we have developed a set of square matrices
R, of order the rank of 1+ in all the cases considered. From R,, we identified
all the endomorphisms of 1 + J and specified which endomorphisms are the
automorphisms of 1 4+ J. Finally, we counted all the automorphisms of 1+ J.
Since R* = Zyr—1 X (1+J), and g.c.d(| Zp—1 |,| 1+ J|) =1, it easily follows
from [2] that Aut(R*) = Aut(Zyr—1) x Aut(1+ J).

2 Units of Power Four Radical Zero Commu-
tative finite Completely Primary Rings
In [6], we constructed some classes of power four radical zero commutative

completely primary finite rings and determined their unit groups. In this
section, we give detailed recap of the same constructions, demonstrate the
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structures of the unit groups whose automorphisms are determined in the
next section.

2.1 Rings of Characteristic p

For any prime integer p and a positive integer r, let Ry = GR(p",p) be a
Galois ring of order p" and characteristic p. Suppose U,V and W are finitely
generated Rg-modules such that dimpr U = s, dimp, V =t and dimp, W = A
and s+t 4+ A = h. Let {uy,us,...us},{v1,ve, ...y} and {wq, ws, .. wy} be the
generators of U, V, W respectively so that R = Ry U &V & W is an additive
abelian group. Further, assume that s = 1,t = 1,A\ = h — 2, so that R =
RD@ROU@ROU@Z?jROwj and pu =pv =pw; =0,1 <j<h—-2. On R,
define multiplication as follows;

(ro, 71,72, < Th) (S0, S15 S2, -y Sp) = (T0S0, ToS1+7T1S0, ToS2+ 728047151, ToS3+
T3S0 +T1524+7251), oy ToSh+ThS0+T1S2+7251). It is easy to verify that the given
multiplication turns R into a commutative ring with identity (1,0, .., 02. More-
over, J = Ryu ® Rov ® 3., Row;, J?> = Ryv @& Y}, Row;, J* = 3.7 Row;
and J* = (0).

J=1

Lemma 1. (See prop. 3 in [6]) Let R be the ring constructed above and
J be its Jacobson radical. Then

R = { Ly 1 X Loy x (L), ifp#2.

2.2 Rings of characteristic p?

For any prime integer p and positive integer r, let By = GR(p*,p?) be a
Galois ring of order p*" and characteristic p?. Suppose U,V and W are finitely
generated Ryp-modules such that dimp U = s, dimg V =t and dimgp, W = A
and s+t+A = h. Let {uy, ..., us}, {v1,...,0:} and {wy, ..., w)} be the generators
of U, V,W respectively so that R = Ry U @&V @& W is an additive abelian
group. Further, assume that s = h—1,¢ =1, A\ = 0, so that R can be expressed
as R = ROEBZ?; Rou; ® Ryv, where pu; # O,p2uj =0,1<j<sandpv=0.
On R, define multiplication as follows;

(T0s 71572y vy Th—1,T1) (S05 S1, S2, -y Sh—1,5) = (roso + piJ_:ll TiSj,ToS1 +
7180y -y T0Sh—1 + Th—1S0, ToSh +ThSo) Where 7,5, € R,/pR,. 1t is easy to verify
that the given multiplication turns R into a commutative ring with identity
(1,0,...0,0). The ring R constructed is completely primary of characteristic
p* and J = pRo @ Y ;_, Rou; @ Rov, J* = pRo © p> >  Rou; © Rov, J* =
pY_i_ Rouj and J* = (0)

Lemma 2. (See prop. 5 in [6]) Let R be the ring constructed and J be
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its Jacobson radical. Then

R = Zpr oy X (Z0)° % (Z)?

p

for every prime integer p and positive integer r

2.3 Rings of characteristic p?

For any prime integer p and positive integer r, let Ry = GR(p*",p?) be a
Galois ring of order p*" and characteristic p3. Suppose U,V and W are finitely
generated Rg-modules such that dimr U = s, dimp, V =t and dimg, W = A
and s+t+\ = h. Let {uy, ..., us}, {v1, ..., } and {wy, ..., w,} be the generators
of U,V,W respectively so that R = Ry ® U &V & W is an additive abelian
group. Further, assume that s =h—1,¢ = 1, A\ = 0, so that R can be expressed
as R = Ry ® Z;L;ll Rou; & Rov, where , p?u; # 0,p*u; = 0;1 < j < s and
pv = 0. On R, define multiplication as follows;

(70, 71,725 o, Th=1, 1) (50: 51, 525 ---» 5h—151) = (7050, 7051 + T150, --; T05h—1 +
Th_150,T0Sh + ThSo + ij_:ll 7:5;) where 7;,5; € R,/p*R, and 74, 5, € R,/pR,.
It is readily verified that the given multiplication turns R into a commutative
ring with identity (1,0, ...,0,0). The ring constructed is completely primary of
characteristic p* and J = pRy @ >°_; Rou; © Rov, J> = p’ Ry @ p Y7, Rou; ©
Ryv, J® = pRyv and J* = (0)

Lemma 3. (See prop. 7 in [6]) Let R be a ring constructed and J be its
Jacobson radical, then its group of units is characterized as follows

g | Lo X Lo X I X Lt < 2y x T x (Z5)57Y, ifp=2;
o pr'fl X Z;Q X Z;g X Z;g X (Z;g)S, pr # 2

2.4 Rings of Characteristics p?

For a prime integer p and a positive integer 7, let By = GR(p*,p*) be a
Galois ring of order p*" and characteristic p*. Suppose U,V and W are finitely
generated Ryp-modules such that dimp U = s, dimg, V =t and dimgp, W = A
and s+t+\ = h. Let {uy,...,us}, {v1,...,v:} and {wy, ..., w,} be the generators
of U, V,W respectively so that R = Ry @ U &V & W is an additive abelian
group. Further, assume that s = h, t = 0, A = 0 so that R = R, > 7, Rou;
where pu; =0, 1 < j <s. On R, define multiplication as follows;

(70, 71,725 -, Th) (S0, 51, 52, -+, Sn) = (T0S0, T'051+T1505 ---, T0SH+THS0) Where, 77,5, €
Ro/pRo; 1 < 4,j < h. This multiplication turns R into a commutative ring
with identity (1,0, ...,0). The ring constructed is completely primary, of char-
acteristic p* with Jacobson radical such that J = pRy @ > i1 Rouy, J? =
p*Ry, J> = p*Ry and J* = (0)
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Lemma 4. (Similar to prop. 9 in [6]) Let R be the ring described by the
construction above. Then

g { Lo X Ly X L % 7 x (Zh)° ifp=2;
T\ Zpra X Zy x (Zy)° if p # 2.

Theorem 1. The structure of the units R* of the commutative completely
primary finite ring R of characteristic p, p?,p®, p* with maximal ideal J such
that J* = (0) and J? # (0), with the invariants p,r,s,t,h and A\ where p € J,
is a direct product of cyclic groups as follows:

(i) If the charR = p then,

R* = { Loy —q % Z;Z X (Z;)A, if p# 2.
ii) If the charR = p* then,
(ii)

R* = Ly 1 x (L) % (Z)°

(iii) If the charR = p* then,

g [ Lo X Lo X I X Lt < 2y x T x (Z5)57Y, ifp=2;
"] Zp-q X Z;2 X Z]’;Q X (Z;Q)S, ifp # 2.

(iv) If the charR = p* then,

Rt o Diyr 1 X Ty X Ty X Tt x (Z)* if p=2;
=\ Zypror X Ty x (Z)° ifp 2.

3 Automorphism groups of the units of Power
Four Radical zero finite commutative Com-
pletely Primary rings

We characterize the structure and order of the automorphism groups of the

unit groups whose structures are described in Theorem 1. We pay particular

attention to each case by describing the matrix R, and the endomorphisms

M = 9(A) such that A € R, and ¢ : R, — End(1 + J) is a surjective ring
homomorphism.

The following results are important in the sequel,



16 Ojiema M. Onyango, Owino M. Oduor and Odhiambo P. Oleche

Proposition 1. Let 1 + J = Zyer X Zyex with e; < ey. Then, the matriz

v represents:
jos) ' |

(i) An Endomorphism of 1 4+ J if and only if i € Zyer, j = Omod(p®~?),
T € Lpes and s € Lyes

(11) An Automorphism of 1+ J if and only if i € (Zper)*, 7 = Omod(p®*~2),
7€ Lper and s € (Lpez )*

Lemma 5. Let R be a class of ring considered in this paper and 1+ J be
a normal subgroup of its unit group R*. The following conditions hold:

(i) The map ¢ : R, — End(1+ J) acting on each column of R, is a surjective
ring homomorphism.

(ii) Let K be the set of matrices A = {(a;;) : p | a;;Vi,j}. This forms
an ideal . The ideal K is the kernel of 1 and the endomorphism M =
(A) = Ry/Kerip

(iii) The endomorphism M = 1)(A) is an automorphism if and only if A(modp) €
Gl,(F,)

3.1 Endomorphisms of 1+ J and their properties for all
the characteristics of R
We form R, which is a set of matrices given by R, = {(a;;) : 1 < j < i <

rk(1+ J)} for all the cases considered and determine the endomorphisms say
E, = ¢¥(A) from that description

(a) If the characteristic of R = p # 2, s = 1,t =1 and A = h — 2, then ,
14+J = Z;A XZ;JQ. Clearly, e; = ... = e,y = land epayp1 = ... = €041) =
2 so that R, is given by

a1 T A1(rx) A1((r2)+1) T A1(r(A+1))
21 T a(r)) A2((ra)+1) T A2(r(A+1))
R, = a1 e A(r2)(r\) AN ((rA)+1) A(r\) (r(A41)
Pa(r )+1)1 0 PN+ AN+ ((rN)+1) 0 G((rA)+1) (r(A+1))
Pag+r 0 PAEA+1)(rA)  ArO+D))((rA)+1) 7 Gr(A+1))(r(A+1))

Proposition 2. If the characteristic of R =p, s = 1,t =1 and p # 2,
1+ J =17 x L, then
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(i) By = {(ai) : p“~9 | aij, Vi, j - 1 <j <i <r(A4+1)} = My (Zy)
(i) rk(14+ J) =r(A+1)

141) For A € R, and a surjective ring homomorphism
(iii) ” ] g P
YR, — (Z;;A X ZI’;Q), Enal(Z;A X Z;’g) =1(A)

(iv) Aut(Z;’\ X Z]’;g) = GL4 1)) (Fp)

(b) If the characteristic of R = p*, s = h—1,t = 1 and A = 0, then

14+ J =172 x Zbs. Clearly e; = ... = ey, = Land egpq1 = ... = €p(sya) = 2
so that
ai T Qa1(2r) ai(2r+1) e A1(r(s+2))
a21 T a2(2r) Qa2((2r+1) T QA2(r(s+2))
R, = a(2r)1 " a(2r)(2r) a@r(@2r+1) A(2r) (r(s+2)
Paiery+n1 0 PA(@2r)+1)(2r)  A(@2r)+D)((2r)+1) T G(2r)+1)(r(s+2))
Pa(r(s+2))1 0 PA(r(s+2))(2r)  A(r(s+2)((2r)+1) " A(r(s+2))(r(s+2))

Proposition 3. If the characteristic of R = p?>, s = h—1,t =1 and
)\:O, 1+J:Z§TXZ;‘;, then

(i) By = {(ai) : p“7% | aij, Vi, j: 1 < j <i<r(s+2)} = Mysi2)(Zy)
(i) rk(1+J) =r(s+2)

(i11) For A € R, and a surjective ring homomorphism
V1 Ry = (T2 x I33), End(Z2 x Z73) = v(A)

(iv) Aut(Zy x Z15) = G Ly(s12)(Fp)

(c) If the characteristic of R=p3 s=h—1,t=1and A\ =0
(I) when p = 2, 1+ J = Z5t"5" x Z3"' x Z;. In this case ¢; = 1 =

v = €24 p5—py €3 4rs—r = 2=..= €l4rstr and €otrstr = 3=..= €14rs+2r-
Therefore R, =
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a11 DRI al(u) DY al('u) DY al(k)
A(24rs—7r)1 t A(2+rs—7) (1) t A(24rs—7)(v) t A(2+rs—r)(k)
2a((24rs—r) 411 T 20((24rs—r)+1)(w) T 20(@24rs—m)+D)(w) T Q((24rs—r)+1)(k)
2a(1+rs+r)1 t 2a(1+7’s+'r)(;¢) c 2a(1+rs+’r‘)(v) t A(14rs+r)(k)
da(arstr+n1 0 A4 rrstr ) () 0 20(Adrstr) A () T Q((1brstr)+1)(k)
4a(l+rs+2r)1 o 4a(1+rs+2r)(p,) o 2a(1+rs+2r)(v) A(14rs+2r) (k)

where p =2+rs—r, U—1—|—rs+randk—1+rs—|—27’—7’k(1+J)

Proposition 4. If the characteristic of R = p3,s = h — 1,t = 1 and
AN=0,p=2,1+J =237 x 771 x Z§ then

(1) Ry = {(ai) : p° % | a;j,Vi,j : 1 < j <1< 1+rs+2r} =
M(1+7‘5+27")(Z2)
(i) rk(1+J)=1+rs+2r

(i11) For A € R, and a surjective ring homomorphism
¥ R, = (227 X 22X Z5), End(Z37 T x 22 X Z5) = 1(A)

(iv) Aut(Z5t"57" x 231 X Z§) = G Ly yrsror(F2)

(IT) when p # 2, 1+ J = Z;ES”), then e; = €2 = ... = €peq2) = 2.
Therefore,
a1 T A1y A1(r+1) T A1(r(s+2))
a21 s A2y A2(r+1) e A2(r(s+2))
Rp = ar1 to Qe Ay (r41) to Ay (r(s+2))
Qe+t -7 A@r41)r A1) (r+1) 0 Qr41)(r(s+2))
Ar(s+2))1 " A@r(s+2)r  Ar(s+2)(r+1)  ~°° Q(r(s+2))(r(s+2))

Proposition 5. If the characteristic of R = p3,s = h — 1,t = 1 and
A=0,p#2, 1+J= Z;gs+2> then
(Z) Rp = {(aij) Ipei_ej ‘ CLij,Vi,j 01 S j S ) S T(S+2)} = M(T(S+2))(Zp)
(11) rk(1+J) =r(s+2)

(iii) For A € R, and a surjective ring homomorphism

Vi Ry, = (Z5H), End(ZF) = v(A)
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(iv) Aut(Z'$) = GLy(osn) (Fy)

p2
(d) If the characteristic of R=p* s=h,t =0, A=0
_ __ mrs+1 1 r—1 _ _ _
- - 1 — - — Ers - L
(I) whenp =2 and 14+ J = Z5"" X Zy, x Zi; ~, then e €rsi1 = 1

23
€2 = €rs12 = 2 and finally e3 = €,543 = ... = €,54,41 = 3, and it follows

by definition that

R, =
aii t A1 (1+4rs) t A1(24rs) T A1(14-rs+r)
A(1+7rs)1 T A(147s)(147rs) T A(1+rs)(2+471s) t A(1+7rs)(1+rs+r)
2a(2+rs)1 o 2a(2+rs)(1+rs) T 2a(2+rs)(2+rs) T A(24rs)(14rs+r)
4a(3+r5)1 T 4a(3+rs)(1+rs) T 2a(3+rs)(2+rs) T A(341s)(1+rs+r)
4a(1+rs+r)1 t 4a(1+rs+r)(1+rs) T 2a((1+rs+r)(2+rs) o A 4rs+r)(14rs+r)

Proposition 6. If the characteristic of R = p*, s = h, t = 0, A = 0

p=2and 1+ J =Zy" x Ll x Zi;", then

(1)) R, = {(aij) : p° % | a;j,Vi,5 : 1 < j<i<1l+4+rs+r} =
M(1+rs+r) (ZZ)
(i) rk(1+J)=1+rs+r

(111) For A € R, and a surjective ring homomorphism
V1 Ry — (Z5T X Ly x Loy "), End(Zy ™ x Ly x Zi; ') = ¢(A)

(iv) Aut(Zy™ x Zly x Z55) = GL1yrsir(Fo)

(II) when p # 2 and 1+ J = Z}® X Z; then e; = ... = ¢,5 = 1 and
Crstl = ... = €p(s41) = 3. Thus
ail te Qa1 (rs) A1 (rs+1) T A1 (r(s+1))
az1 T az(rs) a2(rs+1) T A2(r(s+1))
Rp = 2a(rs)1 U 2a(rs)(rs) Q(rs)(rs+1) T Q(rs)(r(s+1))
P as+1y1 c 1 PTA(rs+1)(rs) A(rs+1)(rs+1) " A(rs+1)(r(s+1))

p2a(r(s+1))1 p2a(r(s+1))(rs) A(r(s4+1))(rs+1) " A(r(s+1))(r(s+1))
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Proposition 7. If the characteristic of R = p*, s = h, t =0, A\ =0
p#2and 1+ J =177 X Ly, then

(1) Ry = {(ai;) : p7 | agj, Vi, j - 1 < j <i < s+ 1)) = Moty (Zp)
(i) rk(14+J) =r(s+1)
(i11) For A € R, and a surjective ring homomorphism
Vi Ry — (L) X L), End(Z,° X Zys) = P(A)
(iv) Aut(Zy® x Zys) = GLy(s41)(Fp)
At this point, we give the structure of Aut(R*):

Theorem 2. The structure of the automorphisms Aut(R*) of the unit
group R* of the commutative completely primary finite ring R of characteristic
p,p?, p, p* with maximal ideal J such that J* = (0) and J* # (0), with the
invariants p,r, s, t, h and \ where p € J, is characterized as follows:

(i) If the charR =p s = 1,t =1 and A = h — 2, then, Vp

Aut(R*) = (Zpr_l)* X GL(r(A-&-l))(Fp)'

(i) If the charR = p* s =h —1,t =1 and A\ = 0 then, Vp

AUt(R) = (Zyy 1) X CLsgayy (Fy)

(iii) If the charR =p* s = h — 1,t =1 and A\ = ( then,

*) A (Z2’"71) X GL 1+rs+2r))(F2>7 lfp: 2;
Aut(R) { (Zop1)* % GL(T wion(By),  ifp#2.

(iv) If the charR = p* s = h, t = 0, A = 0 then,

*\ A (ZZT—l)* x GL (14rs+r) (]F2)7 lfp = 27
AUt(R ) B { (Zpr‘,l)* x GL (r(s+1) (Fp)a lfp 7é 2.

4 Counting the Automorphisms of (14J)

It can be noted that, the structure of Aut(l + J) is a general linear group
G Lyia+.0)(Fp). So, we need to count them:

Remark 1. Let F be a field. Then, we define a general linear group G Ly (145 (IF)

as the group of invertible k(14 .J) x rk(1+J) matrices with entries in F under
matrix multiplication.
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Intuitively, G L,j145)(F) is a group because: matrix multiplication is asso-
ciative, the identity element is I514.); the rk(1+.J) x 7k(1+.J) matrix with 1's
along the main diagonal and zeros elsewhere. If a € F, a # 0, then a - L1+
is an invertible rk(1 + J) x rk(1 + J) matrix with inverse a™ L1y xrk(14)-
In fact, the set of all such matrices forms a subgroup of G L,j(14.)(F) that is
isomorphic to F* =TF\ {0}

Since F,, is a finite field in all the cases, it is immediate that G' Ly (Fp)
has only finitely many elements. Now, suppose rk(1+J) = 1, then G L,14.7)(Fp)
) has p — 1 elements.

~

a b

d
is necessary and sufficient that ad # be. If a,b,c and d are all nonzero, then,
we can fix a, b, ¢ arbitrarily and d can be anything but not a~!be. This gives
us (p* — 1)(p — 2) matrices. If exactly one of the entries is 0, then the other
three can be anything nonzero for a total of 4(p — 1) matrices. Finally, if
exactly two entries are 0, then, these entries must be opposite each other for
the matrix to be invertible and the other two entries can be anything nonzero
for a total of 2(p — 1)? matrices. So altogether we have:

Let rk(1+J) =2, and let M = . Then for M to be invertible, it

P -Dp—2)+4p—1)°+2(p—1)
=(p-1D*((p—-Dp—2)+4(p—1)+2)
=(-1@0+p) =@ -1’ —p)

invertible matrices

Evidently, when calculating the size of G'Lyi1+.)(F) by directly calculating
the determinant, then, determining what values of the entries make the de-
terminant nonzero is quite a tedious exercise and hence error prone. But one
of the basic properties of determinants is that the determinant of a matrix is
nonzero if and only if the rows of the matrix are linearly independent. Thus
we have at once:

Proposition 8. Let rk(1+J) =n and 1 +J = Z, x --- X Z,. The number
—_———

n

of elements in GL,(F,) is [[—y(p" — p")

Proof. Notice that e; = e3 = ...e;pa4s) = 1. We count the number of
n X n matrices A € R, whose rows are linearly independent. This is done
by building the matrix A from scratch. The first row can be anything other
than the zero row, so, there are p" — 1 possibilities. The second row must be
linearly independent from the first row. Since there are p multiples of the first
row, there are p" — p possibilities for the second row. Generally, the i'* row
must be linearly independent from the first ¢ — 1 rows. There are p*~! linear
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combinations of the first ¢ — 1 rows, so, there are p™ — p*~! possibilities for the
i'" row. Once we build the entire matrix this way, we know that the rows are
all linearly independent by choice. Also, we can build any n x n matrix whose
rows are linearly independent in this fashion. Thus there are
n—1
("= 1@"—p)-- @ =" =" ")
k=0
matrices [

In order to exhaust this process of counting Aut(1+ .J), we need to find all
the elements of G L,y (Fp) that can be extended to a matrix in End(1+ J)
and calculate the distinct ways of extending such an element to an endomor-
phism.

We define the following numbers:

ar = maz{m : e, = e}, B, = min{m : e, = ex}
Since e, = e, for m = k, we have the two inequalities aj, > k and S, < k
Note that g1 = f2 = ... = B4, , so we have 1 = -+ = B4, < Ba,+1
When e; = ¢ = -+ = €4, for all 7, j then it follows that oy = Sy
Suppose the e; are different, we can introduce the numbers e;,ci,di as
follows. Define the set of distinct numbers {e;} such that {e;} = {e;} and
¢ < e, < -
Let [ € N be the size of {¢;}. So, €] = €1, €, = €41, ,€ = €,. Now
define
d; = maz{m : e, = e;},c; = min{m : e,, = e, }
Note that ¢; = 1, and d; = rk(1 + J). Also, for convenience define ¢;y; =
(rk(1+J))+1
Now, for both of the considerations, the number of matrices say A € R,
that are invertible modulo p are upper block triangular matrices which may
be expressed in the following three forms

mi1 *

mq1 =+ Mdydy
mCQCQ

Mdoey =0 Mdydy
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or
mip Mg - MA(rk(1+J))
A: ma11
ma22
0 Moy (14.0y) (rk(1+T))
mig,
mag,
0 Mk (D) By TUrk(1H0) (rk(147)

The number of such A is H;k:(lpr‘]) (p** — p*~1) since we require linearly inde-
pendent columns. So, the first step of calculating | Aut(1 + J) | is done.

The second half of the computation is to count the number of exten-
sions of A to Aut(l + J). To extend each entry m;; from m;; € Z/pZ
to a;; € pY9L/p“Z if e; > e, or a;; € Z/p“Z if e; < ej, such that
a;; = m;j(mod)p, we have p® ways to do so for the necessary zeros (that
is , when e; > e;) as any element of p®~%Z/p“Z works.

Similarly, there are p®~! ways for the not necessarily zero entries (that is ,
when e; < e;) as any element of pZ/p“7Z will do.

Finally, as a result of this process, we have the result below:

Theorem 3. The number of the automorphisms Aut(R*) of the unit
group R* of the commutative completely primary finite ring R of characteristic
p, p*, p®,p* with maximal ideal J such that J* = (0) and J? # (0), with the
invariants p,r, s, t, h and A\ where p € J, is characterized as follows:

(i) If the charR =p s =1,t =1 and A = h — 2, then,

r(A+1) r(A+1) r(A+1)
|Aut(R*> ’: go(p”_l)~ H (pak_zkfl) H (pej>r(A+1)faj H (peifl)r()\+1)fﬁi+1
k=1 j=1 i=1

(i) If the charR = p* s =h —1,t =1 and A\ = 0 then, Vp

r(s+2)

(s+2)
H (pej)r(s—i—Q)—aj H (pei—l)r(s+2)—ﬁi+l
j=1

=1

r

(s+2)
| Aut(R*) |= (' —1)- [] (=2
k=1

T
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(iii) If the charR =p* s = h — 1,t =1 and A\ = 0 then, | Aut(R*) |=

k=1

@(27« _ 1) . 1+'rs+27‘(2ak _ 2k—1) H;I{‘S+2T(2€j)(1+TS+27‘)—04]- H;u:1(2e,i—1)w—ﬁi+1’ ifp =2;
2 _ .
p(p” — 1) TS (o — 26, ifp#2.

where w = (1 + rs + 2r)

(iv) If the charR = p* s = h, t = 0, A = 0 then, | Aut(R*) |=

P2 — 1) [[LE," (2o — 28-1) [[1E7 (2001 ren) =y [[Lpwr(@es—tyw=fitl ifp =3,
1 _ 1 \r(s o 1 . —_ B .
e —1) - TSV (o — 28 T (pea ) D=es [T (peiyr(st =it l  jfp 22,

where w = (1 +rs+71)
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