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Abstract: Let G be a group. The groups G’ for which G is an automorphism group have
not been fully characterized. Suppose R is a Completely Primary finite Ring with Jacobson
Radical J such that J? = (0). In this case, the characteristic of R is p or p? and the group of
units R* = Zpr—1 X (I +J) . The structure of R* is well known, but its automorphism group
is not well documented. Given the group R*, let Aut(R*) denote the group of isomorphisms
¢ : R* — R* with multiplication given by the composition of functions. The structure of the
automorphism groups of finite groups is intimately connected to the structure of the finite
groups themselves. In this note, we determine the structure of Aut(R*) using well known

procedures and to this end, extend the results previously obtained in this area of research.
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1. Introduction

The definition of terms and standard notations can be obtained from [2, 3, 5, 6].
The classification of finite rings has been studied with great success in the recent
past ([2, 5, 6] and related studies). Most of the researchers have concentrated in
obtaining the structures of the unit groups of Completely Primary finite rings.
However, the automorphisms of these unit groups have remained uncharacter-
ized. The first general structure result for the automorphisms group of a finite
group follows from a classical result of Gauss in number theory. Let Z, denote
the additive group of integers mod n and U(Z,) the multiplicative group of
integers mod n. Gauss analyzed the orders of elements in U(Zyn») for p prime.
His results can be summarized as follows:

Theorem 1. (Gauss) Let p be an odd prime and n > 1 or p = 2 and
n > 2. Then

U(an) = anfl(p_l), U(ZQH) = ZQ X ZQn72.

Notice that U(Z,) is precisely the set of generators of Z,,. Since any auto-
morphism 6 € Z,, sends 1 to a generator, the valuation map E : Aut(Z,)
U(Zyn) given by E(8) = E(1) is an isomorphism of groups. This sets the stage
for prime factorization of the integer n and consequently the classification of
the automorphisms of an arbitrary finite abelian group. On the other hand,
the automorphisms of cyclic groups are precisely known. In fact, given any
prime p and any integer n, the group Aut(C}') = Aut(Zy), the group of n by
n invertible matrices over the field Z,. These and related matrix groups play
important roles in the classification of simple groups.

In [5], we constructed a class of Square Radical Zero Commutative Com-
pletely Primary finite Rings as follows:

Let R, be the Galois ring of the form GR(p*", p¥), such that k = 1,2. For
each i = 1,...,h, let u; € J(R), such that U is an h— dimensional R,—module
generated by {ui,...,up} so that R = Ry @ U is an additive group. On this
group, define multiplication by the following relation

pu; = wiu; = uju; =0,  wire = (10)7 U, (%)

where 7, € R,, 1 < 4,5 < h, p is a prime integer, n and r are positive integers
and o; is the automorphism associated with u;. Further, let the generators {u;}
for U satisfy the additional condition that, if u; € U, then, pu; = w;u; = 0. From

the given multiplication in R, we see that if rg + Z?:l Aiu; and sg + Z?:l Vil
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ro, S0 € Ro, A\i,vi € F, are elements of R, then,

h h h
(ro + Z Aiti) (S0 + Z Vi) = TS + Z{(ro + pRo)vi + Ni(So + pRo)7 Yuy.
i=1 i=1 i=1
It is easy to verify that the given multiplication turns the additive abelian group
R, into a ring with identity (1,0,...,0). Moreover, J? = (0). Accordingly, the
characteristic of R is either p or p?. Furthermore, the group of units R* of R is
given by R* = Zy_1 x (14 J), a direct product of abelian groups.

In [3], Hillar and Rhea have given a useful description of the automorphism
group of an arbitrary finite abelian group and they found the size of this au-
tomorphism group. We extend their work by characterizing Aut(R*). We find
all the elements of GLy,(Z,) that can be extended to a matrix in End(B,) and
calculate the distinct ways of extending such elements to the endomorphism.
The first complete characterization of the automorphism group of an abelian
group was however given by Ranum [1].

2. Preliminaries

Theorem 2. (cf. [5]) The unit group R* of the commutative completely
primary finite ring of characteristic p or p? with maximal ideal J such that
J? = (0) and with invariants p (prime integer), p € J, 7 > 1 and h > 1 is a
direct product of cyclic groups as follows:

(i) If Char R = p, then
R* = Zyr_y x (Z))".
(i) If Char R = p?, then
R* =Ty _y x 7 x (Z))".
The following lemma will be useful in the sequel.

Lemma 1. (cf. [3]) Let H and K be finite groups of relatively prime
orders. Then, Aut(H) x Aut(K) = Aut(H x K)

Remark 1. Since the groups Z,—1 and ((Zy))" are of relatively prime
orders and Aut(Zyr—1) = (Zyr—1)*, it implies that, when char(R) = p then

Aut(R*) =2 Aut(Zyr 1) x Aut((ZL") = (Zyr—1)* x Aut((Zy)).
Similarly, when char(R) = p?, then
Aut(R*) 22 (Zyr—1)* x Aut((Z5MHD)).
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Lemma 2. Let Char(R) = p, p a prime integer and
By=1+J=(Z)"
Then, | B, |=p™.

Proof. It G =[[,_, Z/p“Z such that 1 <e; < ey < ... < e, then
T
| [1z/vez |= p>mree.
i=1

Now, in By, e = e3 = ... = ¢, = 1 and there are h—tuples of such r factors of
e;, so that (32_; e;)h = rh. Thus | B, |= p"" as required. O

Remark 2. Now, suppose G = H? BI,) such that

By =7y X Ly % ... X Ly

r

over distinct set of primes p, then Aut(G) =[] Aut(B;D).

In the sequel, we determine Aut(I + J) for both the characteristics of R.
Suppose M, = End(B,), then, the elements of M, are group homomorphisms
o : B, — B, with ring multiplication given by composition and addition taken
naturally. These rings behave like matrix rings.

3. The Endomorphism Ring and its Properties
3.1. Characteristic of R = p

Proposition 1. Let R be a finite ring whose additive group (R,+) is
of type (p°',p2...,p) 1 e; > ey > .... > ¢;. Then, R can be identified with a
subring of the endomorphism ring say B of the additive group. The ring B can
be considered as the ring of all | x | matrices (a;;) such that 1 <4, j <1 of the
form.

ail a2 - aj

(ai) Pt %ag aze - ay
alv] =

pel_e2al1 e e aj
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such that
) ai, 1< 5
a’U - €j—€i . . . .
P aij, 1> 7.

Proposition 2. Let

1—|—J:Bp:Z;><Z;><....><Z;

h
and BII) = Zy,. We define the endomorphism ring of BII) by
End(B,) = {(aij) € Zyxr : p9 |31 <j <i <7}

Example 1. If n = 4 and since e; = es = e3 = ¢4 = 1, it follows that if
a;; € End(B;) satisfies the conditions of the above proposition, that is

P9 a1 <j<i<,
then a;; = 0(modp) Vi, j < 4. Suppose M, = End(B.,), then
J P P

@11 a2 aiz a4
G21 Q22 A23 0G24

a31 a3z a3z a3
41 Q42 Q43 (44
Thus, generally,
a1 a2z - Ay
’ a1 az - G2p ’
M, = : : : : = End(B,).
Qr1 Qr2 -+ QApp

Proposition 3. Consider B;D = Zp X ... X Ly as defined above. Then:
———

(i) End(B)) = M, (Z,);
(ii) Aut(B)) = GL,(Z,);

(iii) | Aut(B,) |= TTiZ (0" — »').
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Proof. The proof of (i) and (ii) follow from the previous proposition.
Now, consider Aut(Z, x ... x Zy,). We start with Aut(Z,) and Aut(Z, x Zj,)
—_———

T
in order to obtain the size of the automorphism group of BI/). In Z,,, each of the

p — 1 nonidentity elements has order p. Suppose Z, =< a >, then the map
a — a' is an element of Aut(Z,) provided i € [1,p — 1]. Thus | Aut(Z,) |=
p— 1= ®(p), where ¢ is the Eulers’-phi function.

Next, let a and b each generate groups of order p, so that Z, x Z, =<
a >< b >. A homomorphism 0 : Z, x Z, — Z, X Z, is an automorphism iff
| 0(a) |=] O(b) |= p and < O(a) > intersects with < 6(b) > only at identity.

To find | Z, X Z,, |, we must count the pairs (3, B/) of elements in Z, x Z,
such that 0(a) = 8 and 0(b) = 8 determines an automorphism. Each of the
p?> — 1 nonidentity elements of Ly x Ly has order p , so, a given element of
Aut(Z, x Z,) may map a to any of the p> — 1 different places.

Let 3 be nonidentity element. We must count the elements 3 of Ly X Loy
such that 8 = p and < 8> N < B >= {e}. Since each 8 generates a group of
order p and any of the p? — p elements of Ly X Ly lying outside of < 5 > will
generate a group of order p that intersects the group < 8 > only at identity
element, it follows that

| Aut(Zy, x Zp) |= (p* — 1)(p* — p).

For BII) =Zp X ... X Lyp, let {g1,..., 9, } be a set of generators for B;D, so that
——

r

Lp X oo. X Ly =< g1 > X < go > XX < gp >
———

r

Each of the nonidentity elements of B;D has order p. We now count the number of
injective maps from the above generators to nonidentity elements that generate
groups intersecting only at the identity element.

Suppose that an automorphism of B;O sends g to some element 3 in BI;, then
there are p” — p elements 8 such that < 8 >N < 8 >. Supposing further that
this automorphism is given by g; — 5 and go > 5l for some 5l not in < 3 >,
there remain p” — p? elements 8~ € B;O that are outside of < 8 > x < 8 >.
Sending g3 to any such 8 gives (< f >< 8 >)N < 8" >= {e}.

Continuing in this manner, it is easy to specify where an automorphism of
B;O sends the first n generators and then find p” — p™ elements in B;) to which
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the next generators might be sent. Thus

T r—1
| Aut([ ] 2,) |=] Aut(B,) |= [[ (" = p)- O
i=1 =0

Before stating our main results, we need the following properties:

From [3], we have H), as a form of B, thus B, forms a ring.

Let 0; : Z — (Zy)" defined by 0(x) = 2(modp) be a homomorphism given
by

(9(5611, aeey CC]W) = Hl(xll)....ﬂhr(xhr).
Here is the description of End(B)) as a quotient of the matrix ring M,

Theorem 3.  (See also [3]) The map 6 : M, — End(B,) given by
O(Mp)(a1t, oy ape )t = O(Mp(aay, ..., an)T) is a surjective ring homomor-
phism.

Lemma 3. Let K be the set of matrices M = (a;;) € By, such that p | a;;
Vi, j. Then, K forms an ideal.

The following is a complete description of Aut(B))

Lemma 4. An endomorphism M = 6(M) is an automorphism if and
only if M (modp) € GLp,(Zy).

3.2. Characteristic of R = p?

Proposition 4. Consider B, = Z, X ... x Z and By = (Z x ... x Zp)'"1.
— —

s s

Then:
(i) End(B,) = M (Zy);
(i) Aut(B,) = GLy(Zp);
(iii) | Aut(B,,) |= [TiZ (0" — ')

Proof. Similar to the case when the characteristic of R = p, with some
slight modifications. O
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4. Main Results

Lemma 5. Consider R* when the characteristic of R = p,

By =7y X Ly X ... X Ly,
h
and My, = End(B)). Then:
(i) End(Bp) = M (Zy)
ai air ai(r+1) aiery A1(hr)
asy - azr ag(r+1) az(ery A2(hr)
B GQry T Qry Qr(r41) e Qr(2r) e Qr(hr) )

aeryr o A@eyr Qe (r+1) 0 A@r)@2r) T @) (hr)
Arr)r 0 Q(hr)yr Q(hr)(r4+1) 0 Qar)(2r) T Q(hr)(hr)

(ii) Aut(Bp) = GLp(Zy);

(iii) | Aut(By) |= TT1"9 " (" — p).

Proof. Using our characterization and appealing to Hillar and Rhea’s ac-
count in [3], we find all the elements of GLp,(Z,) that can be extended to a
matrix in End(B,) and calculate the distinct ways of extending such an element
to an endomorphism. So, we need all such matrices Mp, € End(B,) that are
invertible modulo p.

Now, recall that B, = (Zg)h and define the following numbers:
dpr = max{n : ey = epr}, chyr = min{n : e; = ep, }.
Since e, = ey, for n = hr, we have the two inequalities dj, > hr and cp, < hr.

But in this case, e; = eg = ... = ep,.. Therefore, dy, = hr and ¢y, = ,Vi =
1,... hr.
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Thus My, € End(B,) are upper block triangular matrices of the form

Mgy, 00 Mre o Mee+1) 00 M) M (hr)
M1 o M2e M2(r41) 22r) 2(hr)
nr;m e 77;”7” 77r(1;+1) - nr(.2r) - nr(.hr)
77(2r).(r+1) ‘. ‘. ) 77(27“.)(21“) ) ‘. ) n(zr):(d,w)
0 T ) )

The number of such Mjy, is HZ o ( hr— p?) since we require linearly in-
dependent columns. So, the first step for calculating | Aut(B,) | is done.
Next, to extend each entry 7;; from n;; € (Z. )P to ai; € (dei)h such that
a;j = nij(modp), since e; = ey = ... = ey, = 1,Vi, j, we have p® ways to do
so for the necessary zeros (That is, when e; > ej). Similarly, there are p®—!
ways for the not necessarily zero entries, that is, when e; = e; as any element
h
of (Ze;)" works.
]

Lemma 6. Consider R* when the characteristic of R = p?,

Bp:Z;xZ;x....xZ;

h+1
and M, = End(B)). Then:
(i) End(By) = Mn11)r(Zp) =
at ary ay(rt1) ay(2r) @1(h+1)r
as1 S az, Ag(r41) s az(2r) c a2(h+1)r
ar1 R Ay (1) s Ar(2r) s Ar(h+1)r
a(2r)1 e a2ryr a2r)(r+1) e a(2r)(2r) cee a(2r)(h+1)r

AURADENT T (AN S (L) T Gy T S ((h 1))
(ii) Aut(B,) = GL(h+1)r(Zp)a'

(iii) | Aut(B,) |= [TV (pltDr — i,
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Proof. Follows from the proof of the previous lemma with some slight mod-

ifications. O

Theorem 4. Let R* be the unit group of a class of finite rings described

by the construction in Section 1. Then:

(i) When the characteristic of R = p, Aut(R*) = Aut(Zy — 1) x Aut(Bp),

(hr)—1
| Aut(RY) |=| Zyr = 1] x | Aut(By) |= @(p" = 1) [T " —»");
i=0
(ii) When the characteristic of R = p?, then
((h+1)r)—1 '
| Aut(R*) [=@(p" = 1) J[ @™ —p).
i=0
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